Almost Perfect Nonlinear functions by Berger, Thierry Pierre et al.
Almost Perfect Nonlinear functions
Thierry Pierre Berger, Anne Canteaut, Pascale Charpin, Yann Laigle-Chapuy
To cite this version:
Thierry Pierre Berger, Anne Canteaut, Pascale Charpin, Yann Laigle-Chapuy. Almost Perfect
Nonlinear functions. [Research Report] RR-5774, INRIA. 2005, pp.28. <inria-00070246>
HAL Id: inria-00070246
https://hal.inria.fr/inria-00070246
Submitted on 19 May 2006
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destine´e au de´poˆt et a` la diffusion de documents
scientifiques de niveau recherche, publie´s ou non,
e´manant des e´tablissements d’enseignement et de
recherche franc¸ais ou e´trangers, des laboratoires
publics ou prive´s.
IS
SN
 0
24
9-
63
99
 
 
 
 
 
 
 
IS
RN
 IN
RI
A/
RR
--5
77
4-
-F
R+
EN
G
ap por t  

de  r ech er ch e 
THÈME 2
INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE
Almost Perfect Nonlinear functions
Thierry P. Berger — Anne Canteaut — Pascale Charpin — Yann Laigle-Chapuy
N° 5774
Décembre 2005
Unité de recherche INRIA Rocquencourt
Domaine de Voluceau, Rocquencourt, BP 105, 78153 Le Chesnay Cedex (France)
Téléphone : +33 1 39 63 55 11 — Télécopie : +33 1 39 63 53 30
 
		ﬀﬁﬃﬂﬁ !"ﬁ#	$ﬂﬃ#
%'&(*),+-+.0/21435),+-67),+
∗ 849ﬁ::
)<;>=
:
?
)@=BA
? † 8
/C=BDEF=BGH)I;5&4=B+-JK(
: ‡ 8KL
=
::
MN=O(*67GH)QP;5&=BJAK.
§
RSUTV5WXﬀY[ZC\]U^_W!`baQc,^bd^_W`
WeNdfg`hdﬃij`lknmFVﬀoBaQ`b^hp,ijW
qrsaQtuWﬃe2vwayxyWk
z{fQ|U|BaQrsexUW!rsW-d}SUWr}d}SUW~]B@QYN\-dﬃWVoUrW!XQQ@YXgŁ|jfQcQWk
KUQQ
W^_]F,Wknes^bc,feWCksaQV>WCaQ|BW]#|UraQoU`bWV'kaQ]{`bV>a,kneqWrnW-de{{a,]U`_^b]UW-fgr!Nq2 ij]jd¡
e^_a,]jk{a,Wr{f>¢O]U^£eW!¢jW`bx¤aQ¥d}Sjfgr}fQdﬃesWr^hkue^bd
2 ¦

W|UraF^bxyW!]jW§¨d}Sjfgr}fQdﬃesWrs^b©fges^baQ]jkagNq¨ij]jd¡
e^_a,]jk¥fQ]jx5ag
{qª|OWrsViyefges^baQ]jk4oFmV5W-fg]jk¥agBesSUW^_rdaQV>|BaQ]UW],e4ij]jde^_a,]jk
¦

W{cQW]UWr}fg`b^b©Wkna,V>W
rWksiU`_ekwag{mFoOWrsc#u«-¬Q¬gF ¥fQ]jxﬁknesrW]jcgesSjW]f5dﬃa,]tuWdﬃesiUrW2a,]­eSUWiU|U|BWroOa,iU]jxﬁag®]jaQ]U`b^_]jWfgr^_eum5aQ
NqªiU]jde^_a,]jk
¦

Wfg`hkna!aydijka,]'esSjW2df,knW2ag®p@ijf,xyrfges^hdiU]jdﬃes^baQ]jk
¦

WCdﬃa,],ers^boUiyeW{eaesSjWCdiUrn¡
rW]@e§aQr¯yk¥a,]­{q°p@ijfQxyr}fe^bdiU]jde^_a,]jk±@oFm5|Ura@^b]Uc!eSjfef`hfgrcQW{d`bf,kskag®p@ijfQxUrfges^hdiU]jdﬃes^baQ]jk
dfg]U]jageoOWNq
¦
²¤³@´7µ¶ﬀ·
¸KQ[¹
a@a,`_W-fg]#iU]jdﬃes^baQ]l±lN`_V>a@kueCoOW],eCiU]jdﬃes^baQ]l±
fQ`_V>a,kne2|BWrsWdﬃe2]Ua,]U`b^_]UW-fgrNiU]jde^_a,]l±
|Ba§WriU]jdﬃes^baQ]l±U|BWrVﬀiUefe^_a,]ﬁ|BaQ`bmF]UaQV>^hfg`
º$»#¼¾½¿*¼u»ÁÀÁ¼uÀÃÂ}ÄÁÅ¿*ÆHÂ}Ç¾¿È}É¥¿HÊÁËÌÅ2ÍÁÂ}ÍQ¼uÆ{ÎlÂ}ÅNÍÁÏÁÄÁÐÌËÌÅHÊÁ¼uÀ#ËÌ»ﬁ¿HÊÁ¼ÍÁÆÈÇu¼u¼uÀÁËÌ»ÁÑÅÈ}ÉÒÓﬃÓÔ'ÕÖBÖOÖ0Õ¾×ØÚÙnÛ¾×gÜØhÝbÞ×gÜß
àQáâKã
Þﬃä*Ý_å
â
Þﬃ×CÕæ×sçuÞÛ
â
ÜﬃØbÝbÞ×ﬁèFé-ÙæÞÛ
áêëìëÚíÃîï-ê
ºlÀÁ¼uÐðÂ}ËÌÀÁ¼
ê
ºKÏÁÅ¿*ÆHÂ}ÐÌËÌ¼
êgì
¼uÍ-¿H¼uñÄg¼uÆKò
îîï-ó
ºôÅ*Ê-ÈÆ¿õﬃ¼uÆHÅHËÌÈ»'È}É®¿HÊÁËÌÅÍÂ}Íg¼uÆwÎ®ËÌÐÌÐBÄg¼ÍÁÏÁÄ-ÐÌËÌÅ*ÊÁ¼uÀ>ËÌ»>ÕHÖOÖBÖ°èÛÜﬃ×äæÜönØhÝ_Þﬃ×äNÞ×5Õ¾×sç¾ÞÛ
â
ÜØhÝ_Þ×è@é-ÙæÞÛ
á÷!í
Ê-¼
Â}Ï-¿*Ê-ÈÆHÅ4Î
ÈÏÁÐÌÀÐÌËÌø¼¿*ÈN¿*ÊÂ}»-ø¿*ÊÁ¼Â}»ÁÈ»ùñÈÏÁÅ4Æ¼¾õ-ËÌ¼¾Î
¼uÆÅÎ®ÊÁÈ
ê
Äù»ÏÁñ¼uÆÈÏÁÅ4ÇuÈññ¼n»ﬃ¿HÅ4Â}»ÁÀÅ*ÏÁÑÑ¼uÅ¿*ËÌÈ»ÁÅ
ê
ÊÂuõﬃ¼
ÇnÈ»ﬃ¿HÆHËÌÄÁÏ¿*¼uÀ¿HÈËÌñÍÁÆÈsõﬃ¼¿HÊÁ¼4ñ{Â}»Ï-Å*ÇuÆHËÌÍ¿
ó
∗ ú
º$û®ü
ê@ý
Â}ÇuÏÁÐ ¿*þ{ÀÁ¼uÅ
ì
ÇuËÌ¼u»ÁÇu¼uÅÀÁ¼
ú
ËÌñÈÑ¼uÅ
êBß
ò Âuõﬃ¼n»ÏÁ¼{ºKÐÌÄg¼uÆ¿
í
ÊÁÈñ{Â}Å
ê}îî
ú
ËÌñÈÑ¼uÅû7¼uÀÁ¼¾½
êUý
ÆHÂ}»ÁÇu¼
ó
¼hñ{Â}ËÌÐ
	F¿*Ê-ËÌ¼nÆÆù
ó
Äg¼uÆÑ¼nÆKÏÁ»ÁËÌÐÌËÌñ
ó
É_Æ
† ëlë
º
ê
Èñ{Â}ËÌ»Á¼ ÀÁ¼OÈÐÌÏÁÇu¼nÂ}Ï

ÈÇÏÁ¼u»ÁÇuÈÏÁÆ¿
ê ßnîï

ﬀ-ßnï
 
ê
ú
¼ôû7ÊÁ¼uÅ*»ÁÂnù
ê­ý
Æ*Â}»-Çn¼
ó
¼ﬁÚñ{Â}ËÌÐ
	
ºK»Á»Á¼
ó
û
Â}»ﬃ¿*¼nÂ}Ï-¿ﬂKËÌ»ÁÆËðÂ
ó
ÉbÆ
‡
Ýﬃ Ù
âwê
¼ﬁÚñ{Â}ËÌÐ
	

Â}Å*ÇnÂ}ÐÌ¼
ó
û7ÊÂ}ÆÍÁËÌ» KËÌ»ÁÆËðÂ
ó
ÉbÆ
§
Ýﬃ Ù
âwê
¼ﬁÚñ{Â}ËÌÐ
	"!BÂ}»Á»
ó
ú
Â}ËÌÑÐÌ¼ﬁû7ÊÂ}Í-Ï-ù#KËÌ»-ÆHËðÂ
ó
É_Æ
 #	$ﬂﬃ##K5"## K ﬂ	${	ﬁ ﬃﬂﬃ ﬂ

	  	  f<ks\diUr^£e\ﬁxyW-kﬁﬀﬃﬂﬀ! #"%$ &(')ﬀﬁﬀ+*,-.ﬁ/0'$213,ﬀﬀrW|Ba,ksWW] c,rfQ]jxyW|Ofgrses^bW
ksiUr`bWk|UraQ|Ur^b\ﬃes\-kxyWkCa,]jde^_a,]jkCoOaFaQ`b\W]U]UW-k!p,i54 ^b`bkiUes^b`_^hknW]@e
¦
 Wk|jrsa,|Urs^b\ﬃe\kxyW'dﬃW-k2aQ]jdﬃes^baQ]jk
ksaQ]@eCW]W67Wﬃe!kna,iUQW],edﬃrijdﬃ^hfg`bWk2`baQr}k2x74 fesef,p,ijWkdﬃa,],ersW5dﬃWeumF|OW>x74 fg`bcQaQr^_esSUV>Wk
¦
{^b]jks^H±lxUfQ]jkC`_W
 #"%$ &(')ﬀﬁﬀ+*,8$9/'):;<$ =8>?:;'A@+BDCE ﬃ±7`04 W+F'dfQd^£e\xyW`hf­|j`_iU|Ofgrse2xyWk2dﬃrmF|yefQ]jfg`bmyknW-k{kue}fe^bknes^hp@iUWk2xy\|BW]jx
W-ksksW]@e^_W`_`bWV>W]@e¥xyW-k4|UraQ|Ur^_\es\-kKxUW`bf2aQ]Odes^baQ]'xyWksiUojknes^_esiye^_a,]'iyes^b`b^bks\WxUfQ]jk4`hfNa,]jde^_a,]'xyWesaQijr
¦
vwWeneWNa,]jde^_a,]l±yfg|U|BW`b\WG@HC;I9Jﬀ+KJLO±FW-kueiU]UW2aQ]jdﬃes^baQ]­,WdﬃesaQr^bW`b`_W{rW|jrs\-knW],e\W{|OfgrknW-kwdaQV>|Oa@ksfQ]@esWk
oBaFaQ`b\W]U]UWk
¦
Cfg]jkdWﬃeneWw\esijxUWw]Ua,ijk$]UaQijkK^b]@es\rWkksaQ]jk$fgiNM!oBa.OhesWkn¡QPp@iU^@|Urs\-knW]@esW]@eK`bf2V>W^b`_`bWiUrWr\ks^hkue}fg]jdW
fQiNM:;<:1+3,ﬀRﬂ;$ &R/'Hﬀ*S<$2ﬀ+B9BDﬀUT V.W
¦
 WoUiyex74 iU]UW{fgene}fQp@iUWxy^D6B\rsW],e^_W`_`bWWkne¥x74 ^bxyW]@es^_¢jWrxUWk¥daQiU|U`bWk
xUW{esW+MFesWkdﬃ`hfg^br}k¥xyaQ]@e`bfxy^X67\rW]OdﬃW{W-kuew¢?My\WQ±@Wﬃexya,],ew`bfxy^X67\rW]OdﬃW2xUWk¥^bV'fgc,Wk¥|jrs\-knW],eW{iU]­oj^bfQ^bk
ks|B\dﬃ^_¢Op@iUWSjfgiyeWV>W]@e|UraQojfQoU`_W
¦
qa,iUriU]UW5oOa;ObeWﬃ¡QPﬃY
n
W]@esr\Wk2rW|Ur\ksW]@es\W|jfQr2iU]jWﬀa,]jde^_a,]
F
knijr
F
n
2
±y`bf>r\ks^hkue}fg]jdWZY>dﬃWeneWdﬃrm@|Uefg]Ofg`bmFksWCWknep@ijfQ]@es^_¢j\W|jfQr`_W!|jfQrfQV>TﬃesrW
δ(F ) [
δ(F ) = max
a6=0,b
#{x ∈ Fn2 , F (x + a) + F (x) = b}.
\N]UWdﬃaQ]Oxy^£e^_a,]ﬁxyWks\dﬃijrs^_es\2Wknep@iUWC`bf5xy^hkuers^boUiye^_a,]ﬁxyW-kÁfQ`_WiUr}kwxyW2esa,iyesW-k`_W-kxU\r^_,\WkwxyW
F
kna,^£e
|jrsayd}SUW5xyW>`bf#xy^hkuers^boUiye^_a,]<iU]j^£a,rsV>WQ±ld4 W-kues¡JYg¡æxU^_rWp@iUW
δ(F )
ksaQ^_eC`bW|j`_ijk|BWﬃe^£e|Ba,kks^_oU`bW
¦
R®a,iyesW
oBa.OhesW¡P
F
Y
n
W]@ers\WkWﬃe
n
ksaQrses^bWkwQ\rs^_¢jW
δ(F ) ≥ 2 ¦

WkwaQ]Odes^baQ]Ok
F
eW`b`_W-kp@iUW
δ(F ) = 2
ksaQ]@e
xU^£eWkU>]')ﬀ+1+3,ﬀU>,:.'^=:;$9Jﬀ+Gﬀ+*,_*]C.*,KBX$9*`/#:.$9')ﬀCH{qﬀ±5$2a9ﬀEab±OfQ`_V>a,kne|OWrnW-de{]Ua,]U`b^_]UW-fgr 
¦

WkNaQ]jdﬃes^baQ]jkC{q ksaQ]@eCxUaQ]jdx74 ij]IcQr}fg]Ox^_]@es\r)be2W]<dﬃrmF|yesa,`_a,cQ^bW|UiU^hkp,i54 W`_`bWk2a;67rsW]@e2iU]UW
r\ks^hkue}fg]jdWaQ|Ues^bV>fQ`_WcYÃ`hfdﬃrm@|Uefg]Ofg`bmFksWﬁxU^X67\rW]@es^bW`b`bWQ±¥V'fg^hk>dﬃWkna,]@e5fgiOksks^xyWk5aQoUtuWﬃek>xy^hkdﬃrWﬃek
W+MUdﬃW|Ues^baQ]U]UW`bk
¦

frsW-d}SUWr}d}SUW­eSU\a,rs^hp@iUWkniUr>`bWk5a,]jde^_a,]jk'{q f<|BaQiUr­xya,V'fg^b]UWﬁ`04 W]jksWVoU`_W
xUiÃdﬃayxUfgc,W!oU^b]jfg^brsWﬁ3N$9Jﬀ#dU #CﬂeﬀG HC;'')ﬀ# ﬀ+3N'#Hd5>?C;Bf.*`g;GﬀAaEaa 

f­d`bf,ksks^_¢Odfges^baQ]xyWk{aQ]jdﬃes^baQ]jk
Nq Wkne`_a,^_]>x74 bﬃesrWfQd}SUWQ\WwWﬃe¥xyWVﬀij`£e^_|U`bWk|jrsa,oU`_TV>Wkx74 iU]c,rfQ]jx!^b]@es\rHbﬃe4rWknesW],e]Ua,]ﬀr\ksaQ`bijk
¦
NaQijk\esijxy^baQ]Ok^bd^4iU] dﬃWrsefQ^_]<]UaQVoUrW5xyW'dWk|UraQoU`bTV>W-k2a,iUQWrne}k
¦
{a,ijk!xyaQ]j]UaQ]jkxyW-k\`b\ﬃ¡
V>W],e}k­xyWIdfgr}fQdﬃes\r^hksfges^baQ]l±w|Urs^b]jd^_|jfQ`_WV>W]@e­W]0c,\]U\rfQ`_^hksfQ]@e5`bWk­esr}fÁÁfQiNM xyW<{mFoOWrschTÌX;VU±X;W
¦
NaQijkCfg|j|Oa,rneaQ]jkN]Uage}fgV>V>W]@eCxyW-k2fQV>\`b^_a,rfges^baQ]jk|BaQijrCdWp@iU^KWkneCxyW`bf]UaQ]y¡æ`b^_]U\-fgr^£e\ﬀxyW-k{a,]jd¡
e^_a,]jk{q°Wﬃe{xyW2`<4 WMy^hkueW]jdWCxUW2|BWrVﬀiye}fe^_a,]jkwNq `baQr}ksp@iUW2`_WC]Ua,VﬀoUrW2xyWCfgr^bfQoU`bWk¥W-kue|jfQ^_r 
¦
NaQijkxyaQ]U]jaQ]jkwxyWk4\`_\V>W]@ekwxyWNxyW-ksdrs^b|yes^baQ]'xyW-k5=C;*` +<$2C;*?i>]3N$jH+:;*` #ﬀ¥Nq
¦lk
]y¢j]®±,]Ua,ijkdfgr}fQdﬃ¡
e\r^bksaQ]Okwij]UW!`bfQrsc,WCd`bf,ksksW!xyWCaQ]jdﬃes^baQ]jkNp,iOfQxyr}fe^bp@iUW-kp@iU^
]jW!|OWiUQW],e(besrW!{q
¦
vwW>xyWr]U^bWrCrs\-knij`£e}feCfQ|U|BaQrsesWxUWkC\`b\V>W]@e}k2]jaQiU,Wfgi?M#|BaQiUr\`bfQoOa,rsWrNiU]UW>dﬃ`hfQkks^£¢Odfe^_a,]ÃxyWk
a,]jde^_a,]jkNq p@ijfQxUrfges^hp,ijWk±lWﬃeﬀxya,^£embﬃesrW>|U`hfQdﬃ\­xjfg]jk!`bW­dﬃa,]@esWMFeW­xyW'|U`bijkn^bWijrkerfÁfQiNM¤esrTk
r\dW]@ek±Á^_]j^£e^_\-k|jfgrK`<4 \p@iU^b|BWx74 
¦
qaQene±,p,ij^@V>WenesW]@eKW]\@^hxyW]jdﬃWw`bf2|UrWV>^_TrsWdﬃ`hfQkknWxyWwaQ]jdﬃes^baQ]jk
Nq¨p@ijfQxUrfges^hp,ijWk]Ua,]ﬁ\-p,ij^_fg`bW]@eWk8Y>xyWka,]jde^_a,]jk|Uij^bkksfQ]jdﬃW-kQa,^_r-T U±l«Wæ±b*XgQ@Q s 
¦
n ·
-
µ
o
	
ﬁ
aQ]Odes^baQ]OkoOaFaQ`b\W]U]UW-k±Fa,]jde^_a,]jk|UrWkp,ijWC|Ofgrsfg^_esWV>W],e]Ua,]ﬁ`b^b]U\fQ^_rWk±@aQ]jdﬃes^baQ]jk
|jrsW-ksp@iUWdﬃa,iUrsoBWk±FaQ]Odes^baQ]Ok|UiU^hkskfg]jdWk±y|Oa,`_mF]?p,V>WkxyW!|BWrVﬀiye}fe^_a,]
¦
 BXGC.#8ﬀ+'^=ﬀH + C.*SBf$9*`ﬀ#:;' =#3N*` +<$2C;*? V
 
	®#"ﬁ	$ﬂﬃ
Ãa,kne2fesefQd}¯ykNaQ]Ãksm@V>V>Wﬃers^hdﬀdrsmF|yeaQc,rfQ|USU^hdCfQ`_c,aQr^£eSUV'k{fgrWrW`hfeWx#esa#kna,V>W|UraQ|BWrses^bWk{aQ4esSUW
¹ aFaQ`bWfQ]iU]jde^_a,]jkﬀxUWkdﬃr^_oU^b]UceSUWﬁksmykueWV
¦
	
aQr^£eWr}feWx oU`bayd}¯d^_|USjWr}k±$esSUWWF­dﬃ^bW]jdm<aQesSUW
V'fQ^_] dﬃrm@|Uefg]Ofg`bm,e^bd­esW-d}SU]U^hp,ijWkksijd}S fQk`_^b]UWfQr'dﬃrm@|Uefg]Ofg`bmFks^hk±¥xy^D67WrW]@es^hfg`dﬃrmF|yefQ]jfg`bmykn^hk
¦¦¦
 
dfg] oBWV>Wf,knijrsW-x o@m ksaQV>Wp@ijfg]@e^£e^_W-kﬀrW`hfeWxesaÃesSUW#dﬃaQ]Uijkn^baQ] |OfgrseageSUWraQiU]OxiU]jde^_a,]l±
iOknijfQ`_`bm]jfgV>Wx P
ijojkue^£eiyes^baQ]B æ¡æoOaM
¦
RSU^bk|jfQ|OWrﬀaydﬃiOknW-kaQ] esSUWﬃP@¡æoOaMyWkﬀ§SU^hd}S cQijfQrfQ]@esWW­f
Sj^_c,S<rWks^bknefQ]jdﬃW5eaxU^X67WrW]@es^hfg`¥drsmF|ye}fg]jfQ`_myks^bkAT V.W
¦
RSU^hk!fene}fQd}¯IksijddﬃWkkniU`_`bmIfQ|U|U`b^_W-k§SUW]eu§a
|j`bfQ^_]@esW+MFek4§^_esS>¢?MyW-x'xy^X67WrW]OdﬃW`bWfQx>fgÚesWr¥esSUW{`hfQknen¡æoUiyes¡*a,]UWraQiU]jxea!aQiye|Uiyek§SUa,ksW{xy^D6BWrsW]jdﬃW
e}fg¯,WkfdﬃWrsefQ^_]fg`biUW'§^_esS f#SU^_c,S<|jrsa,ojfgoU^b`b^£eum
¦
RSjWrWﬃaQrWQ±lf]jWdﬃW-kskfgrm¤knW-dﬃiUr^_eumIdﬃa,]jxy^_es^baQ]^bk
eSjfeeSUWaQiye|Uiye{xy^hkuers^boUiye^_a,]jkag$fQ`_`lxUWr^_fe^_,Wkag®esSUW^b]@,aQ`bQW-x
P@¡æoOaM
±
x 7→ F (x + a) + F (x)
±
Vijkne5oBW¤dﬃ`ba,ksW­esa<esSjW#ij]U^£a,rsV xU^bknesr^_ojiyes^baQ]
¦
RSUWﬁrW`bWfQ],e5|jfgr}fgV>WesWraQr'fQ] P@¡æoOaM
F
§^_esS
n
^_]j|Uiyek{^bkeSUW]
δ(F ) = max
a6=0,b
#{x ∈ Fn2 , F (x + a) + F (x) = b} ,
§Sj^bd}SVﬀijkne4oOWfQkksV>fQ`_`yf,k$|Ba,kks^_oU`bW
¦

SUW]esSjW]FiUVoOWragja,iyes|UiUeoj^£e}kagUeSUW(P@¡*oBaM^hk®eSUWksfQV>W
f,kesSjWﬀ]FiUVﬀoBWr2ag4^b]U|Uiye}kesSU^hkN^hkeSUWdfQksW!^_]¤V>a@kue2d^_|jSUWr}k ﬃ±O§WSjfÁ,WesSjfge
δ(F ) ≥ 2
±7fg]jx#eSUW
ij]jde^_a,]jk!fQd}SU^bWF^b]UcﬁesSU^hkoOa,iU]jxfgrW5dfg`b`_W-x :;BfﬁCi>,ﬀ'^=ﬀ# +R*]C.*,BX$9*`ﬀ#:.'
 
TÌXQEW
¦
RSjWrWﬃaQrWQ±
Nq0ij]jde^_a,]jkfQrsWesSja,ksW P@¡æoOaMyWk¥§SU^bd}S>a6BWraQ|Ues^bV>fQ`UrWks^bknefQ]jdﬃWeaxy^X67WrW]@e^bfQ`OdﬃrmF|yefQ]jfg`bmykn^hk
¦
2kaQ|Ues^bV>fQ`¥aQoUtuWde}k±K{q iU]jdﬃes^baQ]jkfQrsW'fQ`bksa¤ijksWx^_] ksW,Wr}fg`4ageSUWrfgrWfQkCaQeW`bWdaQV>Vﬀiy¡
]j^bdfes^baQ]Ok
¦
¤a@kue5]Uage}fgoU`bmQ±4Nq iU]Odes^baQ]OkdaQrrsW-kn|BaQ]jx<eaI`b^_]UW-fgr5dﬃayxyWkﬀag{`bW]UcQesS
2n − 1
fg]jx
xU^_V>W]Okn^baQ]
2n
§SU^hd}SôSjfÁ,W­esSjWﬁoBWkne5V>^b]U^bV>fQ`{xy^hkue}fg]jdW
5
T_«,«W
¦
RS@iOk±NqiU]jdﬃes^baQ]jk>fgrWaQ
c,rsW-feN^b]@esWrsW-kueC^_]dﬃayxy^b]Uc­eSUWa,rsm
¦
2Wks|U^_esW>f­]FiUVoOWr2aQrsW-dﬃW],eC§wa,rs¯yk±OV'fQ]@m|UraQoj`_WV>k2rWV'fg^b]
a,|OW]
¦
dﬃesijfQ`_`bmQ±jaQ]U`bmﬁf5W§°Nq¨iU]Odes^baQ]Ok{fgrW¯@]ja§]l±jfg]OxﬁV>a@kue{aQKeSUWVfgrWf.F']UW`_mﬁWp@iU^b,¡
fQ`_W]@eesaf>|Ba§wWriU]jdﬃes^baQ] HknWW!W
¦
c
¦
TÌEW 
¦
RSUW!¢Orkne{^_]U¢j]U^_esWd`bf,ksk{ag4p,iOfQxyr}fe^bd!Nq¨iU]Odes^baQ]Ok±
§Sj^bd}SôfQrsW]Uage5Wp@iU^bÁfQ`_W]@eﬀesafg]Fm|Oa§WrﬀiU]jde^_a,]l±4§fQkWMySU^boU^£eWx ,Wrm<rWdW]@es`bm ksWW T ;Wfg]Ox
Tb«ÁEWÚ 
¦
] esSj^bk'|Ofg|BWr-±§W#^b]FQW-kue^_c@fesW#kna,V>W#a,|OW] |jrsa,oU`_WV'k>aQ] Nq iU]Odes^baQ]Ok'fg]jx §wWc,^_,W
|Ofgrses^hfg`7rsW-knij`£e}k
¦
RSUW]UW+M@e4ksWde^_a,]ﬀc,^_,Wk®ksaQV>WwojfQks^bdwxyWﬃ¢O]U^£e^_a,]jkKrsW`bfgesW-xesa{q iU]Odes^baQ]Ok$a,Wr
F
n
2 ¦
dﬃesijfQ`_`bmQ±
^b]'eSUW2§SjaQ`bW{|jfg|BWr-±@§wW2^bxyW]@es^_m>esSUW2QWdﬃesa,rwks|jfQdW
F
n
2
§^£eS­eSUW{¢j]j^£eWN¢jW`bx
F2n
aQlaQr}xyWr
2n
fg]Ox
ksijd}S'fiU]Odes^baQ]
F
^hk¥W+My|UrsW-ksksWx>f,k¥f!|BaQ`bm@]jaQV>^bfQ`U^b]
F2n [x] ¦
PF^b]jdﬃW
F
dfg]'oBW{rsW|UrWksW]@esW-xoFmesSUW
daQ`b`_W-de^_a,]'ag®^_ek
n
¹
a@a,`_W-fg]­da@a,rxU^_]jfgesW-k±,§wWCfg`hknarWdfg`b`BksaQV>W{|jrsa,|OWrne^_W-ka,]
¹
a@a,`_W-fg]>iU]Odes^baQ]Ok
¦

] PyWde^_a,] V
¦
«g±§Wkueijxym<esSUW#{q iU]jdﬃes^baQ]jkoFm<V>WfQ]jkaQesSUW^_r
¹
aFa,`_W-fg] dﬃa,V5|BaQ]jW]@ek
¦

W
|jrsa,W­esSOfe'esSjW#]jWdﬃW-kskfgrm dﬃa,]jxy^_es^baQ] aQr'f<iU]jdﬃes^baQ] esa oBWNq±w^_]@ersayxyijdWx ^_] TÌX.Wæ±w^hk'fg`hksa
ksiNF­dﬃ^bW]@eNHRSUWa,rsWV XQ 
¦
RSUW]l±,§wW2xyWr^_,Wf!]UW§ d}SjfQrf,desWrs^b©fges^baQ]agl{q0iU]jde^_a,]jkNævwaQraQ`b`bfQrsm
«- 
¦

W`hfesWr'd}Sjfgr}fQdﬃesWr^b©WNq |OWrsViyefges^baQ]jk5aQ
F2n
q¥raQ|Ba,ks^_es^baQ] X, 
¦
RSU^bk5`hfQkne'rsW-kniU`_e>^bk
V>aQes^bÁfgesW-x¤oFmﬁeSUW>dﬃaQ]gtuWdeiUrWesSOfeNeSUWrW5^bk2]UaﬁNq |OWrsViyefges^baQ]ÃaQ
F2n
§SjW]
n
^hk2WQW]
¦
]
eSU^hkdﬃa,],eWMFe±fg]Ox<iOkn^b]Uc¤aQijrd}Sjfgr}fQdﬃesWr^b©fe^_a,]l±
§W'|Ursa,W5esSjfgeesSUWrsW'^hk!]UaÃNq |BWrVﬀiye}fe^_a,]
§Sja,ksW{dﬃaQV>|BaQ]UW]@e¥iU]jdﬃes^baQ]jkfgrW|U`hfesW-fgiUW-x¤*vwa,rsa,`_`hfgrm VfQ]jx'RSUWa,rsWV V, 
¦

WNfg`hknaﬀcQ^bQW{f!]UW§
d}SOfgr}fQdeWr^_©-fe^_a,]Iag{qw |Ba§wWriU]jde^_a,]jka,]
F2n
§SUW]
n
^hk!WQW] fQ]jx fg] iU|U|BWroOa,iU]jx a,]
eSUW^brﬀ]jaQ]U`b^_]jWfgr^_eum HRSUWa,rsWV, 
¦
RSUWﬁ`bf,kueksWdﬃes^baQ] ^hkﬀxUWQaQesW-xesa<p@ijf,xyr}fes^hd'{qw iU]Odes^baQ]Ok
¦

e^bk!§W`b`_¡*¯F]Ua§]esSOfeeSUW­|Ba§wWriU]jde^_a,]jkaQesSUW'a,rsV
x2
k+1 aQWr
F2n
§^£eS
gcd(k, n) = 1
 
»
ï
   ﬀ'eﬀ+'#d :.*SJﬀ#:.3N<d5"?:;'0>`$9* :.*`ﬂ5:;$;B ﬀK	5"?:#>`3N
fQrsWﬁ{q
¦
¹ iye-±esSUW#dﬃ`hfQkkn^_¢Odfes^baQ] aQNp,iOfQxyr}fe^bd­NqiU]jde^_a,]jk§SU^bd}S fgrW­]Uage5Wp@iU^bfg`bW]@eesa
eSUW!|UrWF^baQijk|Ba§wWriU]jde^_a,]jk^hk{knes^b`_`®fQ]ﬁa,|OW]|Ursa,oU`bWV
¦

WrsW,±U§wWW+MFSj^_oU^_eNf>§SUa,`_W!ksiUoBd`bf,kskaQ
p@ijf,xyr}fes^hdiU]Odes^baQ]Ok2§Sj^bd}SxyaFWk2]Uage!dﬃa,],e}fg^b]Ifg]Fm¤{qw~iU]Odes^baQ]Ok
¦
RSU^hk2rsW-kniU`_ecQ^bQWkNijkCV>aQrW
^b]ya,rsV'fe^_a,]#fQoOa,iyeesSUWa,rsVag4p,iOfQxyr}fe^bdC{q¨iU]jde^_a,]jkq¥rsa,|Oa@kn^_es^baQ]Ã 
¦
 
ﬁﬂ}	Kﬂﬃ#    ®ﬂﬃ ﬁ-®	$ﬂ

]<esSj^bk!ksWdﬃes^baQ]l±l§W>^_]@ersayxyijdW>]Uage}fes^baQ]fg]jxksaQV>W>ojfQks^bd|UraQ|BWrses^bWkC§SU^hd}S<§^b`b`4oOW'ijksWx<^b]fQ`_`
eSUWC|jfg|BWr
¦
RSUW2]jWMFe{xyWﬃ¢j]j^£e^_a,]^hkwc,W]UWrfQ`BfQ]jx'eSUW]ksiU^£e}fgoU`bW2aQr ¹ aFa,`_W-fg]'iU]Odes^baQ]Ok
¦
dﬃesijfQ`_`bmQ±
^b]#esSU^hk|jfQ|OWr±U§WCesrWfgeeSUWdf,knW-k
m = n
fg]jx
m = 1
a,]U`bm
¦
#³  ·ﬀﬀ+
n
:.*`ﬂ
m
@#ﬀ ﬁ CG*`C;*ﬃﬂEﬀ'HCG$9*,ﬀeﬀ+'#+a ﬀ
F
@#ﬀm:8=#3N*` +<$2C;* =#')C.
F
n
2
$9*,C
F
m
2
a
!C.' :.*S
a ∈ Fn2
d 9",ﬀxyWr^bÁfges^bQW{aQ
F
§^£eS­rsW-kn|BWdﬃe¥esa
a
$jR^"?ﬀ =#3N*` +0$2C.*
DaF
=#')C;
F
n
2
$9*SJC
F
m
2
ﬂeﬀ#" *`ﬀ#ﬂ@+
DaF (x) = F (x + a) + F (x), ∀x ∈ F
n
2 .
$2=
DaF
$jm #C;*?J:;*, ^"?ﬀ+*
a
$j +:.$2ﬂJC @#ﬀA:!`b^_]jWfgr{knesrijdﬃesiUrW
CQ=
F
a
RSUW!rWks^hkue}fg]jdWNea­xy^X67WrW]@e^bfQ`ldﬃrm@|Uefg]Ofg`bmFks^hkw^hkrW`hfesW-x­ea5esSUWa,`_`ba§^_]jc>p@ijfQ]@es^_es^bWk
¦
#³

·ﬀ%ﬀ+
F
@#ﬀ : =#3N*` +<$2C;* =#')C;
F
n
2
$9*SJC
F
n
2
a!C.' :;*,
a
:.*]ﬂ
b
$9*
F
n
2
dﬁ ﬀmﬂeﬀ*]C.ﬀ
δ(a, b) = #{x ∈ Fn2 , DaF (x) = b} ,
ﬁ",ﬀ'Hﬀ
#E
$j-^"?ﬀA H:;')ﬂ.$9*]:.Bf$90
C = :.*SGﬀ+'&(a(]"?ﬀ+*?d)ﬁ ﬀ "?:+*ﬀ
δ(F ) = max
a6=0, b∈Fn2
δ(a, b) ≥ 2
:;*`ﬂ 9",ﬀ =#3N*] 0$2C.*, =C;',ﬁ"%$2 #" ﬀ#1+3,:.Bf$90A",C.BDﬂ.m:.')ﬀ +:.$2ﬂJC @#ﬀ2fg`bV>a,kne|BWrsWdﬃe{]UaQ]j`_^b]UWfQrNq2 a
RSUWNq¨|UraQ|BWrseum­dfQ]ﬁoBW!Wp@iU^bfg`bW]@es`bmxyW¢j]UW-x#f,kaQ`b`_a§{k
¦
-

·/.·



·0ﬀﬀ+
F
@#ﬀA:.*,(=#3N*] 0$2C.* C.*
F
n
2
a1(`",ﬀ*,d
F
$j{fg`bV>a,kne|BWrsWdﬃe{]UaQ]j`_^b]UWfQr 
 
  
$ = :;*`ﬂC.*SBfﬁ$ =HdS=C.'A:.*,ﬁ*]C.*2ﬂﬀ+')C
a ∈ Fn2
d 9",ﬀ-+ﬀ+
{DaF (x), x ∈ Fn2}
"?:.m #:.')ﬂ;$9*`:.BX$9<
2n−1
a
	
rsa,V ]Ua§~aQ]®±B§W5^bxyW]@es^_mesSUW5QW-desa,rCks|jf,dﬃW
F
n
2
§^£eSIeSUWﬀ¢O]U^£eW5¢jW`hxÃ§^_esS
2n
W`_WV5W]@ek±
F2n ¦
N]Fmﬁij]jde^_a,]
F
rsa,V
F
n
2
^_]@esa
F
n
2
dfQ]esSUW]IoBWﬀW+MF|jrsW-ksksWx¤f,kNf­|BaQ`bmF]UaQV>^hfg`$^_]
F2n [x] ¦
zW-dfQ`_`
eSjfeeSUWﬂﬀ')ﬀ#ﬀag
F
^hkesSjW!V>f;My^_V'fg`


fgV>V>^_]jc'§wW^_c,S,eag^_ekW+MF|BaQ]jW]@ek
[
deg
(
2n−1∑
i=0
λix
i
)
= max { wt(i) | λi 6= 0 },
§SjWrW
λi ∈ F2n
fQ]jx#esSjW§wW^_c,S@e{^bk2dfg`hdﬃij`bfgesWx#a,]esSUW
2
¡æfQrsmWMy|jfg]Okn^baQ]ag
i ¦

WﬀxUW]UaQesWoFmﬁR$r
eSUWesr}fQdWNij]jde^_a,]¤aQ]
F2n
±U^
¦
W
¦
±UR®r
(β) = β + β2 + · · ·+ β2
n−1
¦
RSUWwiU]jdﬃes^baQ]
F
dfQ]fQ`bksaNoBWrsW|UrsW-knW]@esWxoFm
n
¹
aFaQ`bWfQ]!iU]jdﬃes^baQ]jkaQ
n
fgr^hfgoU`bWk±Á^£e}k
¹
aFaQ`bWfQ]
 #CEC.')ﬂ;$9*`:;Jﬀ
¦
{aQesWesSOfeesSjWdﬃaFaQr}xy^b]jfeWkfgrW!kna,V>Wﬃes^bV>Wkdfg`b`_W-x­eSUWﬀdﬃa,V>|Oa,]UW]@ekaQ
F
±UojiyeN^_e{^bk
V>a,rsW!dﬃa,]FQW]j^_W],eaQra,iUr|UiUr|Ba,ksW2ea>ijknWeSUWCaQ`b`_a§^b]Uc'xyW¢j]U^_es^baQ]l±U`b^b¯QW^_] TÌX.W
¦
ëlë
º
 BXGC.#8ﬀ+'^=ﬀH + C.*SBf$9*`ﬀ#:;' =#3N*` +<$2C;*? 
#³  ·  ﬀ+
F
@#ﬀ :c=#3N*` +<$2C;* =#')C;
F2n
$9*,C
F2n
a (]",ﬀ Bf$9*`ﬀ#:;'  #C.ﬁ@+$9*`:.0$2C.*, C = ^"?ﬀ
 #CEC.')ﬂ;$9*`:;Jﬀ CQ=
F
:;')ﬀ ^"?ﬀ   CC;BDﬀ#:.*G=#3N*` +<$2C;*?
fλ : x ∈ F2n 7→
R$r
(λF (x)), λ ∈ F2n ,
ﬁ",ﬀ'Hﬀ
f0
$j-9",ﬀ *S3NB9B;=#3N*` +<$2C;*`a (]"?ﬀU=#3N*` +<$2C;*?
fλ
:.')ﬀA #:.B9BDﬀ#ﬂ9",ﬀNdaQV>|Oa,]UW]@e}kmCQ=
F
a
 WxyW]UaQesWwo@m
Bn
esSUWknWeKaQ ¹ a@a,`_W-fg]!ij]jde^_a,]jkKaQ]
F2n ¦ 
]5aQijrKdaQ]@esW+M@e-±-esSUW`b^_]UW-fgr$iU]jdﬃes^baQ]jk
aQ
Bn
fgrWNeSUWiU]jdﬃes^baQ]jk
ϕa
±UxyWﬃ¢j]jWx#oFm
ϕa : x ∈ F2n 7→
R®r
(ax) , a ∈ F∗2n .
u«- 
RSjWNa,`_`ba§^_]jcﬀ]UaQefe^_a,]§^b`_`7oBWWMFesW]jkn^bQW`_m>ijksWx^_]ﬁesSjW2|jfQ|OWr
¦	
aQrfg]Fm
f ∈ Bn
±F§wWxyW]UageW2oFm
F(f)
eSUWCaQ`b`_a§^b]Uc>fg`biUWrsW`bfgesWxesa>eSUW
	
a,iUr^_WraQr

fg`hknSB wesr}fg]jknaQrV ag
f [
F(f) =
∑
x∈F2n
(−1)f(x) = 2n − 2wt(f) ,
*XQ 
§SjWrW
wt(f)
^hk2esSUW


fgV>V>^_]Uc§W^bcQS@e2aQ
f
±
^
¦
W
¦
±
eSUW>]FiUVﬀoBWrag
x ∈ Fn2
kniOd}SÃesSOfe
f(x) = 1 ¦
RSjW{iU]jdﬃes^baQ]
f
^bkkfg^hx>esaoOWﬁ@#:.BD:;*` #ﬀ#ﬂN^_$fQ]jx'aQ]j`_m>^_
F(f) = 0
a,r±@Wp@iU^bfg`bW]@es`bmQ±
wt(f) = 2n−1 ¦
#³

· (]",ﬀ

fg`hknS¤ks|OW-dersiUV C =
f ∈ Bn
$j-9",ﬀ A3NBf0$jﬀ+
{F(f + ϕa), a ∈ F2n} .
(]"?ﬀN]Ua,]U`_^b]UW-fgr^£eum CQ=
f
$j $9< :.AA$9*ﬂ;$jJ:;*` #ﬀ-CG^"?ﬀ ﬀ+ C = :.B9B:	 *]ﬀ =#3N*] 0$2C.*,a $ $j $ *.ﬀ*
@+
2n−1 −
1
2
L(f)
ﬁ"?ﬀ+')ﬀ
L(f) = max
a∈F2n
|F(f + ϕa)| .
RSjWC`ba§Wkne|Ba,kks^_oU`bWfg`biUWCaQr
L(f)
^bk
2
n
2
fg]jxesSU^hkoBaQiU]Oxﬁ^hkfQd}Sj^_WQWxaQr @#ﬀ+*,`=#3N*` +<$2C;*?
¦
#³

·
;d ﬀ+
f ∈ Bn
a (]"?ﬀG=#3N*` +0$2C.*
f
$jﬃ:;$2ﬂ JC @#ﬀ|j`bfgesWfQiUWx $ =!$9<G:.B )"
 #CEﬀ +$2ﬀ*S2-:eﬀm:; ﬁC ^"%'HﬀHﬀ *.:.Bf3,ﬀ#d *`:.ﬁﬀ+Bf
0,±L(f)
a(]"?ﬀ+*?d
L(f) = 2s
ﬁi$99"
s ≥ n/2
a
$2=
s = n/2
Q:.*]ﬂ
n
ﬀ *ﬀ+* !^"?ﬀ+*
f
$jG+:.$2ﬂ C @#ﬀoOW]@ec:.*]ﬂ!$9<A:;B )"  #CEﬀ $2ﬀ+*,< :eﬀﬁ C
*.:.BX3,ﬀ C.*SBfd *`:;Gﬀ+Bf
±2
n
2
aﬀ C.')ﬀ#C *.ﬀ+'#d
f
$j +:.$2ﬂ|U`hfesW-fgiUW-x­a,|yes^bV'fg` $ =
s = (n + 1)/2
=C;' Cﬂeﬂ
n
:;*`ﬂ
s = (n + 2)/2
=C.' ﬀ *.ﬀ*
n
a
RSjWksWiU]jde^_a,]jkwoOW`_a,]Ucesaﬀf|jfgrses^hdﬃiU`hfgrwdﬃ`hfQkk4ag
¹
aFaQ`bWfg]5iU]Odes^baQ]Ok±@§SU^hd}S']Uage}fgoU`bmﬀ^b]jdﬃ`bijxyW-kfQ`_`
p@ijf,xyr}fes^hdNiU]jde^_a,]jk{fQ]jx
±yV>aQrWcQW]jWr}fg`b`_m,±>,:.'0$2:.B9BX@#ﬀ*SﬂﬁCiU]jdﬃes^baQ]jk
¦
RSUW]Ua,]U`b^_]UW-fgr^£eum aQCf<iU]jdﬃes^baQ]
F
raQV
F2n
^b]@esa
F2n
^hk>]Ua§xyW¢j]UW-xôoFm V>WfQ]jk>ag2esSUW
]jaQ]U`b^_]jWfgr^_es^bWkag^£e}k{dﬃa,V>|Oa,]UW]@ek
¦
ﬃ
º ñÏÁÐ ¿HËÌÅ*¼¾¿¥ËÌÅwÂÅ*¼¾¿Î$Ë ¿HÊ>Æ¼uÍQ¼¾¿HË ¿*ËÌÈ»Â}ÐÌÐÌÈnÎ
¼uÀ
ó!í
ÊÏ-Åw¿HÊÁ¼ 5Â}ÐÌÅHÊ>Å*Íg¼uÇ¾¿*ÆÏÁñ¨ËÌ»ÁÇuÐÌÏÁÀ-¼nÅw¼nÂ}ÇæÊ>õÂ}ÐÌÏÁ¼Î®Ë ¿HÊ5¿*Ê-¼
»ÏÁñwÄg¼nÆlÈ}Éy¿HËÌñ¼uÅ
Ë ¿$ÈÇuÇuÏÁÆHÅ
ó
!
í
Ê-¼nÅH¼ÉbÏ-»ÁÇ¾¿*ËÌÈ»ÁÅ®Î
¼uÆH¼4ËÌ»ﬃ¿HÆHÈÀÁÏÁÇu¼uÀ!ËÌ»#"
ßnî%$'&
¿*Ê-¼uù2ÇnÂ}»CÄg¼4Å*¼u¼u»!Â}Å®ÂÑ¼u»Á¼uÆHÂ}ÐÌË)(sÂ¿HËÌÈ»!È}ÉÏÂ}ÀÁÆHÂ¿*ËÌÇ¥ÉbÏ-»ÁÇ¾¿*ËÌÈ»ÁÅ
ó
 
»
ï
   ﬀ'eﬀ+'#d :.*SJﬀ#:.3N<d5"?:;'0>`$9* :.*`ﬂ5:;$;B ﬀK	5"?:#>`3N
#³  · ﬀ+
F
@#ﬀ
:-=#3N*` +<$2C;* =#')C.
F2n
$9*SJC
F2n
ﬁi$99"  #C;(>,C.*]ﬀ*S2
fλ
d
λ ∈ F∗2n
a (]"?ﬀ
]jaQ]U`b^_]jWfgr^_eum CQ=
F
$j-^"?ﬀ m$9*S$9G:;B *.:.Bf3,ﬀACQ= 9",ﬀ *]C.*,BX$9*`ﬀ#:.'$90$2ﬀ C =-9",ﬀ
fλ
a$ $j ﬀH1+3,:.B5JC
N (F ) = 2n−1 −
Λ(F )
2
ﬁ",ﬀ')ﬀ
Λ(F ) = max
λ∈F∗
2n
L(fλ).
RSjW2]Ua,]U`b^_]UW-fgr^£eum>aQ
F
^hkfﬀV>W-fQksiUrsW2ag®^_ekFiU`b]UWrfQoU^_`b^_eumea>`_^b]UWfQrfgene}fQd}¯yk
¦
RSUW2iU]jdﬃes^baQ]jkeSjfe
SOfÁQWCV>f;My^_V'fg`
]jaQ]U`b^_]jWfgr^_eum­fgrWdfg`b`_W-xﬁ ¹ iU]Odes^baQ]Ok
¦
RSUWm­WMy^hkuea,rayxUx
n
aQ]j`_m
¦
#³  ·  ﬀ+
F
@#ﬀ
: =#3N*` +<$2C;*
=#')C;
F2n
$9*,C
F2n
ﬁi$99"  #C.R>?C;*`ﬀ+*,<
fλ
d
λ ∈ F2n
a
(]",ﬀ*,d
Λ(F ) ≥ 2
n+1
2 .
(]",ﬀ =#3N*] 0$2C.*,
F
ﬁ"N$2 H"ﬃ+:.0$j^=#
Λ(F ) = 2
n+1
2
:;')ﬀm+:.$2ﬂcCc@#ﬀfg`bV5a@kueCoOW]@e>H
¹
 +a (]"?ﬀ+ﬃﬀ
	e$j ﬁ"?ﬀ+*
n
$jGCEﬂﬂﬃC;*,Bfaﬀ!C;')ﬀ#C *.ﬀ'#d($ =
F
$jG:.BfﬁC
@#ﬀ+*,<di9",ﬀ*A=C.' :.*S
a ∈ F2n
:.*`ﬂR=C.' :;*,ﬁ*`C;*ﬃﬂEﬀ+')C
λ
{F(fλ + ϕa), λ ∈ F
∗
2n , a ∈ F2n} = {0,±2
n+1
2 },
2V, 
$2a9ﬀEaDdU:;B9B
fλ
d
λ 6= 0
d :.')ﬀ8>`B :.ﬀH:;3,ﬀ#ﬂ
C#>`0$9G:;BDa
ﬁ³
 y


We
F
oBW'f­ij]jde^_a,]ÃraQV
F2n
^b],ea
F2n ¦
P@eijxymF^_]jcﬁeSUW>{q |UraQ|BWrseum¤fg]jxÃesSUW

¹
|Ursa,|OWrneum#Úa,rwayxUx
n
 ¥^bkwWp@iU^bfg`bW]@eeaﬀknesijxymF^b]UceSUWN§W^bcQS@e}k¥ag®fQ]­fQkknayd^bfgesWx'dayxyW
CF
fg]Ox
aQ$^_ek{xUijfg`
C⊥F
ksWWfQ]ﬁW+MFesW]Okn^bQW!knesijxymﬁ^_] Tb«Q«W 
¦
RSjW

fg`hknSkn|BWdﬃesriUV agf
¹
aFa,`_W-fg]¤iU]Odes^baQ]fg]jxÃ^£e}kCxUWr^_fe^_,WkCfgrWrW`hfesW-x¤oFm#esSUW>knaQ¡ædfg`b`_W-x
3NAK CQ=#KJ+1+3,:.')ﬀ $9*`ﬂ.$2 #:;JC;'!^_]@esrayxyijdWx^_]TÌXgŁWfg]jxWMFeW]jks^_,W`bm<knesijxU^_W-x<^b]hT
 
±KEWfg]jx TÌXg¬W
¦
RSUW
|jrsaFagKag$esSUWa,`_`ba§^_]jceSUWa,rsWVdfQ]ﬁoBWaQij]jx#^_] T
 
W$fg]Ox TÌXg¬W
¦
#³

· (]",ﬀNksiUV5¡*aQÚ¡ækp@ijfgrWC^_]jxU^bdfesa,rAC =
f ∈ Bn
$j ﬂﬀ " *`ﬀ#ﬂ
@
ν(f) =
∑
a∈F2n
F2(Daf) = 2
−n
∑
a∈F2n
F4(f + ϕa) .

³F·

³


 
*S
f ∈ Bn
+:;<$j " ﬀ
ν(f) ≤ 2nL2(f)
a0&81+3,:.Bf$90 CE # 3N'#c$ =!:.*]ﬂ C.*SBf $ =
f
$j
>]BD:.ﬀ#:.3,ﬀ#ﬂd 9",:.U$j
L(f) = 2s
:.*`ﬂ
ν(f) = 2n+2s,
n
2
≤ s ≤ n.
@ 
 
   ¨ "#ﬁ	$ﬂﬃ#
ª]UWdWkksfQrsmdﬃaQ]Oxy^£e^_a,]>aQrfiU]jdﬃes^baQ]
F
a,Wr
F2n
esaoBW2Nq§fQk|UrsaF^hxyWx5oFm>{mFoOWrscﬀ^_]!TÌX;W
¦
RSj^bkdﬃa,]jxy^_es^baQ]^b]FQa,`_,Wk®esSUWxyWr^bÁfges^bQW-k®aQUesSUWdﬃa,V>|Oa,]UW]@ekKaQ
F ¦ 
]ﬀesSU^hk4knW-de^_a,]l±§wWw|UraQW¥eSjfe
eSU^hkdﬃaQ]Oxy^£e^_a,]ﬁ^hkfg`hksa5f>ksiNF­dﬃ^bW]@e{dﬃaQ]Oxy^£e^_a,]#fQ]jx#xyWr^_,W!fg]UaQesSUWrd}SOfgr}fQdeWr^_©-fe^_a,]'o@mV5W-fg]jkaQ
eSUWksiUV5¡*aQÚ¡ækp@ijfgrWN^b]jxy^hdfgesaQr}kag$esSUWdaQV>|BaQ]UW],e}kag
F ¦

WiUrsesSjWrNxy^hkdﬃijkkkna,V>WdaQ]tuW-deiUrsW-k
¦

W!]UaQefgoj`_mfQ|U|U`bm­aQijr{d}Sjfgr}fQdﬃesWr^b©fe^_a,]'esa'f,d}SU^_WQWkna,V>WC]jW§°rsW-kniU`_eka,]ﬁ|j`bfgesWfQiUWxiU]jdﬃes^baQ]jk
¦
ëlë
º
 BXGC.#8ﬀ+'^=ﬀH + C.*SBf$9*`ﬀ#:;' =#3N*` +<$2C;*? 
  	

ﬁﬀﬃﬂ "!$#&%')(ﬃﬀﬃ*ﬀﬃﬂ
RSjWÃ]UWMFe­eSUWa,rsWV ^hk­V'fQ^_]U`bm xUiUWÃeaô{mFoBWrchT Xg.W
¦
 WIdaQV>|U`bWﬃesWI^£ea,]U`bmQ±|UraF^bxy^b]Uc fiU`b`
d}SOfgr}fQdeWr^_©-fe^_a,]agl{qw iU]jdﬃes^baQ]jk4oFmV5W-fg]jk¥agBesSUWNxUWr^_fe^_,WkaQOeSUW^brwdaQV>|Oa,]UW]@e4iU]Odes^baQ]Ok
¦

³F·  ³  % ﬀ
F
@#ﬀm:R=#3N*` +<$2C;*m=#')C;
F2n
$9*,C
F2n
:.*`ﬂ BDﬀ+
fλ
d
λ ∈ F2n
ﬂﬀ+*`C.ﬀ $92  #C.R>?C;K
*]ﬀ*S2+a(`",ﬀ*,dS=C.'A:.*,ﬁ*]C.*2ﬂﬀ+')C
a ∈ F2n

∑
λ∈F2n
F2(Dafλ) ≥ 2
2n+1.
HQ 
ﬀ C;')ﬀ#C *.ﬀ'#d
F
$j
 
 $ = :;*`ﬂC;*,Bfﬁ$ = =C.'m:;B9B *`C;*ﬃﬂEﬀ'HC
a ∈ F2n

∑
λ∈F2n
F2(Dafλ) = 2
2n+1.

 
 
_')CC =a

W!SjfÁQW
[∑
λ∈F2n
F2(Dafλ) =
∑
λ,x,y ∈F2n
(−1)
R®r
(λ(F (x+a)+F (x)+F (y+a)+F (y)))
= 2n#{ (x, y) ∈ F22n | F (x + a) + F (x) = F (y + a) + F (y) }
= 22n+1 + 2n#{ (x, y) | DaF (x) = DaF (y), x 6= y
fg]Ox
y 6= x + a }
RSFijkCH, ¥^hk^_V>V>WxU^bfgesW`bm­xyW-xyijdﬃW-x­§^_esSﬁWp@ijfg`b^_eum5^_$fQ]jx­a,]U`_m>^_
F
^hk{q ksWW2Wﬃ¢j]U^_es^baQ]XQ 
¦ 
RSjW!|UrsWF^_a,ijkwesSUWaQrWV ^hkV>aQrWWF­dﬃ^bW]@eaQr|jrsaF^b]UcﬀeSjfe
F
^hk]Uage{Nq
¦ 	
aQr^b]jknefQ]jdﬃW,±U^£
F
^bk
ksijd}SesSjfge
Dafλ
fQ]jx
Dafλ′
fgrW2dﬃa,]jknefg]@e-±,a,r
λ 6= λ′ 6= 0
fQ]jx'a,rksaQV>W
a
±,eSUW]ﬁesSjWksiUV ^b]
 
 
W-p@ijfg`hkNfge2`bWfQkne
22n+2 +
ksa
F
^bk2]UaQeC{qw
¦
RSU^hk2fQrsc,iUV>W]@eN§fQk{§^hxyW`_mijksWxa,rN|UraF^_]jc­V>aQrW
c,W]UWrfQ`rsW-kniU`_ekGTÌXW
¦
vwa,]FQWr}ksW`bmQ±7esSjWkni?F'd^_W]@eﬀdﬃaQ]Oxy^£e^_a,]<^b]jxyiOdﬃWxoFm<RSjWaQrWV X`bWf,xUkeaf
oBWﬃesesWriU]jxUWr}kue}fg]jxy^b]UcaQ7esSUW2|Ursa,|OWrne^_W-k4ag®Nq0ij]jde^_a,]jk±yf,k4^_]Oxy^bdfeWx'^b]>esSUW2]UWMFeWMUfgV>|U`bW
¦
,.-
?
.
o
³ 

We
F
oBWf|BaQ`bm@]jaQV>^bfQ`OaQ®xyWc,rsWW
3
a,]
F2n
±@§SjWrW
n
^hkWQW]
¦
RS@iOk±Ffg]Fm'dﬃa,V5|Bag¡
]jW]@e{ag
F
SjfQkxyWcQrWW!fe{V>a@kue
3 ¦
{]FmﬁdaQV>|BaQ]UW],e
fλ
±
λ 6= 0
±USOfQk{fQ`_`
^_ek2xyWr^_fges^bQWkaQxUWcQrWW
fgeV5a@kue
2

f0
^bkeSUW!]FiU`b`
iU]jdﬃes^baQ]O 
¦
RSU^bk{^_V>|U`b^_W-kesSOfeaQr{fQ`_`
λ
fg]jxaQr{fQ`_`
a
±y§WCSOfÁQW
F(Dafλ) ≡ 0 (mod 2
(n+2)/2),
f#dﬃa,]UcQriUW]jdﬃW§Sj^bd}S^bkkfe^bkn¢jWxIoFmÃfg]Fm¤p,iOfQxyr}fe^bdﬀ]UaQ]y¡æoBW]@eiU]jde^_a,]
¦
PFij|U|Oa@knWesSOfeaQr!fg]Fm
a
±
|F(Dafλ)|
W-p@ijfg`hk
2(n+2)/2
a,rwW+MUfQde`_m
2n−2
ÁfQ`_ijWkwag
λ
fg]jx­Wp@ijfg`hk
0
aQrwesSUW2ageSUWr}k
¦
RSUW]l±
oFmfQ|U|U`bmF^_]Uc'RSUWaQrWVXy±
F
^hk{{qw
¦ 
k^_e{|Ba,kkn^boU`bW2ea­dﬃa,]jkuersiOde{kniOd}S#fiU]jdﬃes^baQ]
F /

eNaQ`b`_a§{kraQVesSUWﬀ|UrsWF^_a,ijkesSjWaQrWVesSjfge{esSjWﬀ{q |UraQ|BWrseum^hkrsW`bfgesW-x#esa>esSjWfg`biUWkNagesSUW
ksiUV5¡æagÚ¡¾ksp@ijfQrsW2^_]jxU^bdfesa,rk±
ν(fλ)
±UagKesSjWdﬃaQV>|BaQ]UW]@ekag
F ¦
 
»
ï
Ł   ﬀ'eﬀ+'#d :.*SJﬀ#:.3N<d5"?:;'0>`$9* :.*`ﬂ5:;$;B ﬀK	5"?:#>`3N
  ·  · o<oy ´ﬀ0ﬀ
F
@#ﬀ :(=#3N*] 0$2C.*A=#')C.
F2n
$9*,C
F2n
ﬁi$99"  HC;(>,C.*]ﬀ*S2
fλ
d
λ ∈ F∗2n
a(]"?ﬀ+*
∑
λ∈F∗
2n
ν(fλ) ≥ (2
n − 1)22n+1 .
*g 
ﬀ C;')ﬀ#C *.ﬀ'#d
F
$j
 
 $ = :;*`ﬂC;*,Bfﬁ$ =
∑
λ∈F∗
2n
ν(fλ) = (2
n − 1)22n+1 .
Ł, 
 C;*?+ﬀ#13,ﬀ+*,0Bfd $ =
ν(fλ) = 2
2n+1 =C.' :;B9B5*]C.*ﬃﬂEﬀ+')C λ
d ^"?ﬀ+*
F
$j
 
ma
_')CC =a PFWe
A =
∑
a∈F∗
2n
∑
λ∈F2n
F2(Dafλ) ¦
ddﬃaQr}xy^b]Ucesa¤H, ±U§WSjfÁQW
A ≥ 22n+1(2n − 1) ¦
Py^_]jdW
F2(D0fλ) = F2(Daf0) = 22n
aQr{fQ]@m
a
fg]jxﬁa,r{fg]Fm
λ
±jesSUW]
∑
a∈F∗
2n
∑
λ∈F2n
F2(Dafλ) =
∑
λ∈F∗
2n
∑
a∈F2n
F2(Dafλ) =
∑
λ∈F∗
2n
ν(fλ).
RSFijk
A =
∑
λ∈F∗
2n
ν(fλ)
±l^bV5|j`_mF^b]Uc<æg 
¦
{a§!±7^£
F
^bkNq esSUW]
F
kfe^bkn¢jW-k
 
 2fg]jxI§wWcQWﬃe
A = 22n+1(2n − 1) ¦
vwa,]FQWr}ksW`bmQ±FfQkkniUV>WCesSOfe
A = 22n+1(2n − 1) ¦
PF^b]jdWaQr{fg]Fm
a∑
λ∈F2n
F2(Dafλ) ≥ 2
2n+1,
eSUWksW>^_]jWp@ijfg`b^_es^bWkVﬀiOkueoBW'Wp@ijfQ`_^_es^bWk
¦
RSUW]
F
^hkNq
¦
RSjW'`bf,kueknefeWV>W]@e!^hk!^_V>V>WxU^bfgesW`bm
xUWxyijdWx
¦ 
,.-
?
.
o
³ %  "?ﬀ+*
F
$j89",ﬀ($9*/*ﬀ+'#+ﬀ=#3N*` +<$2C;*
x 7→ x2
n−2 C+*ﬀ+'
F2n
d5$9$j ﬁ ﬀ+B9BfK ;*`C ﬁi*^"?:.
F
$j
 
h=C;' Cﬂeﬂ
n
ﬀ *`C;
 
 h=C.' ﬀ *ﬀ+*
n
a (]"?ﬀ
ν(fλ)
:.')ﬀm #:.BD +3NBD:.ﬀ#ﬂﬁ$9*  a
 
-:;*!$9B9Bf3%0'):.0$2C.*
C = C.3N'U>]3N'0>?C.ﬀ ﬁ ﬀ ')ﬀ# H:;B9B5^"?ﬀ+ﬀ,*.:.Bf3,ﬀ 

5ﬀ+
n
@#ﬀ CEﬂﬂea (]"N3%
Λ(F ) = max
{
k ≡ 0 (mod 4) | k < 2(n/2)+1
}
:;*`ﬂdN=C.'Z:.B9B
λ 6= 0
d
ν(fλ) = 2
2n+1 a

5ﬀ+
n
@#ﬀAﬀ *.ﬀ+*`a (]"%3%
Λ(F ) = 2(n+2)/2
:;*`ﬂd`=C.' :.B9B
λ 6= 0
d
ν(fλ) = 2
2n+1 + 2n+3
a

ewfQ|U|BWfgr}kraQV vwaQraQ`b`bfQrsm'«eSjfeesSUWNNq|jrsa,|OWrneuma,]U`bm5xyW|OW]jxUkaQ]5esSUWNWMFesW]jxyWx

fg`hksS
ks|BWdersijV ag
F
±U^
¦
W
¦
±ya,]ﬁeSUW!Vﬀij`£e^bksWﬃe
W(F ) = {|F(fλ + ϕa)|, λ ∈ F
∗
2n , a ∈ F2n} .
NageWesSjfge
W(F )
dﬃa,]jkn^hknekag4fg`b`lfg`biUW-kefg¯,W]oFm
|F(fλ + ϕa)|
fg]jxﬁeSUW]FiUVﬀoBWraQ$e^_V>W-kesSjWm
ayddﬃiUr
¦ 
]ﬁaQesSUWr§aQr}xUk±F^£
F
^hk{qﬀ±jfg]Fm>iU]jdﬃes^baQ]
F ′
kniOd}SeSjfe
W(F ′) = W(F )
^hk{q°ea@a
¦

]OxyWW-x
±
F
^hk{qw¨^£4fg]Oxa,]U`_m^£KesSUW
ν(fλ)
ksfges^hkumŁQ 
¦
¹
iyeesSUW!fQ`_iUW-k
ν(fλ)
fQrsWCaQoUefg^b]UW-xoFm
V>W-fg]jkaQ®esSjW!ÁfQ`_ijWkagKesSjWknWe
W(F )
ksWW!NW¢j]U^_es^baQ]¤Ł@ 
¦
RSUWrsW'fQrsW5aQ]U`bmIfﬁW§ WMFeW]jxyW-x

fg`hksSks|OW-derf#§SU^hd}SfQrsW5¯F]Ua§]<esa¤dﬃa,rsrWks|Oa,]jx¤ea¤{q
ij]jde^_a,]jk
¦

SjW]
n
^hkayxUx
±yeSUrWW!{q~WMFesW]jxyWx

fg`hknS¤ks|OW-desr}f>fgrW2¯F]Ua§]
ëlë
º
 BXGC.#8ﬀ+'^=ﬀH + C.*SBf$9*`ﬀ#:;' =#3N*` +<$2C;*? ¬
  W(x3)
§SUa@knWW`bWV>W],e}k`_^bW!^b]
{0, 2
n+1
2 } ¦ 
e{^hkesSjW  fQ`bksS#ks|BWdersijVagfg`b`® ¹ iU]jde^_a,]
+
  W(x2
n−2)
§SUa@knWW`_WV5W]@ekefQ¯QW!fg`b`
fg`biUWk
k ≡ 0 mod 4
ksijd}SﬁesSjfge
0 ≤ k < 2
n
2 +1 +
  W(x2
4g+23g+22g+2g−1)
aQr
n = 5g
Tb«
 
Wæ±O§Sj^bd}SÃxy^D67Wr}kraQVoOaQesSÃ|UrWF^baQijkNkn|BWdﬃesr}f'kn^b]jdﬃW
^£e5dﬃaQ]@e}fg^b]jkffg`biUW'§SU^hd}S ^bk]UagexU^_F^hkn^boU`bW'o@m
22g+1
±KoUiye5fg`b`¥^£e}kW`_WV5W]@ekfQrsW­xy^bF^bks^boU`_W
oFm
4
HknWWq¥raQ|
¦

¦
V¤fg]Oxô
¦
«V^b] T ¬.WÚ 
¦ 	
a,rﬀ^b]jkue}fg]jdWQ±$aQr
n = 15
^
¦
W
¦
±KaQr
g = 3
 ±KeSUW
fg`biUWk^b]
W(x2
4g+23g+22g+2g−1)
fgrW
0, 22g, 3 · 22g , 22g+2, 5 · 22g, 9 · 22g ¦
 SjW]
n
^hkW,W]l±ya,]U`bm'eu§wa'Nq¨WMFeW]jxyW-x  fg`hksSks|BWderf>fQrsWC¯F]Ua§]
[
  W(x3)
§SUa@knWW`bWV>W],e}k`_^bW!^b]
{0, 2
n
2 , 2
n
2 +1} ¦
  W(x2
4g+23g+22g+2g−1)
aQr
n = 5g
Tb«
 
Wæ±B§SU^bd}SÃxU^X67Wr}kraQVesSUW|UrWF^_a,ijka,]UWoBWdfQijksW^£e
xyaFWk]jageSjfÁQW2esSjWksfQV5W!xy^bF^bks^boU^_`b^_eumﬁfQk|jrsW@^baQiOkn`bm'V>W]@es^baQ]UW-x
¦

e$^bk
§aQrsesS]UaQes^hdﬃ^b]UceSjfeleu§aiU]jdﬃes^baQ]jk
F
fQ]jx
G
§^£eSxy^X67WrW]@e

fg`hksSks|BWderfV'fÁm2]UW,WrsesSUW`_W-ksk
oBWksijd}SeSjfeeSUW^brNdﬃa,V>|Oa,]UW]@ekSjfÁ,WNeSUWkfgV>W!kniUV5¡æagÚ¡¾ksp@ijfQrsW2^_]Oxy^bdfeaQr}k
¦	
a,r^_]Okue}fg]jdWQ±y§SUW]
n
^bkayxUxl±,fg`b`y¯F]Ua§]>{q ij]jde^_a,]jkaQ]
F2n
fgrWknijd}SesSOfe4esSjW^brdﬃa,V5|BaQ]jW]@ek
fλ
kfe^bknm
ν(fλ) =
22n+1
aQrfg`b`
λ 6= 0 ¦
vwaQ]F,Wr}knW`_m,±geu§aiU]jde^_a,]jkw§^£eS'esSUWkfgV>W{WMFeW]jxyW-x

fQ`bksSks|OW-dersiUV V'fÁm
oBWknijd}SesSjfgeesSUWknWek
{ν(fλ), λ ∈ F∗2n}
fQ]jx
{ν(gλ), λ ∈ F∗2n}
fgrWCxy^D67WrW]@e±yfQk§W2§^b`b`7ksWWC^b]
k
MyfQV>|U`_W
¦

.³ﬃ -

·
 o
³

 ! $9*`ﬂ :;*
 
 =#3N*` +0$2C.*
C;*
F2n
d
n
Cﬂeﬂd53, #"G^"?:;
ν(fλ) 6= 22n+1
=C.'_+C.ﬁﬀ
*]C.*2ﬂﬀ+')C
λ ∈ F∗2n
a
vwa,rsa,`_`hfgrm «>W]jfQoU`_W-kijkeaÃd}Sjfgr}fQdﬃesWr^b©W>{q iU]Odes^baQ]Ok§SUW]<eSUW­dﬃa,rsrWks|BaQ]jxy^b]UcknijV¡æagÚ¡
kp@ijfgrW­^b]jxy^hdfgesaQr}k
ν(fλ)
efQ¯QW­eSUW^br5ÁfQ`_ijWk5^_] fÃ|jfQrne^bdiU`hfgr>knWe
¦
PFijd}S fIks^£eijfe^_a,]ôayddiUrkaQr
^b]jknefQ]jdﬃWﬁ§SUW] fg`b`eSUW
fλ, λ 6= 0
±¥fgrW|j`bfgesWfQiUWx iU]jde^_a,]jk±fQk|Oa,^_]@eWx a,iye>^_] vwa,rsa,`_`hfgr^bWkﬀX
fQ]jx V
¦

SUW]
n
^hkayxUx
±$esSUWﬁkn^_esijfges^baQ] ^hk!§wW`_`_¡æ¯@]ja§]
¦
R$a¤oOWﬁdﬃ`bWfgr-±®§W­ksiUV>V>fQrs^b©W'^_eﬀ^b] esSUW
]jWMFe­dﬃaQraQ`b`hfgrm fQ]jx cQ^bQWfQk>|UraFagfksSUa,rne'WMy|U`hfg]Ofes^baQ]
¦
RSUW¤WQW] dfQksWQ±§Sj^bd}S §WﬁersW-fe'^b]
vwa,rsa,`_`hfgrmﬁVy±U^hkV>aQrW2^b]@esWrsW-kue^_]Uc'ks^_]OdﬃW§wW!c,W]UWrfQ`_^b©W2esSjWCrWksiU`_e{ag{mFoOWrsc TÌXU±ORSUWa,rsWV«;W
¦
 
·

·
o<oy
´ % ﬀ
n
@#ﬀmCEﬂﬂ
:.*`ﬂBDﬀ+
F
@#ﬀA:(=#3N*` +0$2C.*m=#'HC.
F2n
$9*SJC
F2n
ﬁi$9^"  #C;(>,C.*]ﬀ*S2
fλ
d
λ ∈ F∗2n
a (`",ﬀ*,d ^"?ﬀ =C.B9BDC+ﬁi$9*
J:;Jﬀ+ﬁﬀ*S2 :.')ﬀAﬀ#13N$ *.:.B ﬀ*S 


F
$j
 
 :;*`ﬂ
:.B9B
fλ
d
λ ∈ F∗2n
:.')ﬀ8>`B :.ﬀH:;3,ﬀ#ﬂ

# :;B9B
fλ
d
λ ∈ F∗2n
d :;')ﬀ8>`BD:;Jﬀ#:.3,ﬀ#ﬂ
:.*`ﬂ +:.0$j^=#
ν(fλ) = 2
2n+1 

#  ! $j
 
  a
_')CC =a


fλ
^bkC|U`hfeWfQiUWx
±BeSUW]<§wW5SjfÁQW
ν(fλ) = 2
n+2s §^_esS 2s ≥ n + 1
HknWWRSUWaQrWV «Á 
¦


F
^hk2Nq±BeSUW]Iz{W`hfes^baQ] HŁ, {^bk2ksfges^hku¢jW-x§^£eS
ν(fλ) ≥ 22n+1
a,r2fQ`_`
λ
±7^bV5|j`_mF^b]Uc

 
¦

W
xUWxyijdWNraQVvwa,rsa,`_`hfgrmﬁ«NesSjfge

#^bV>|U`_^bWkweSjfe
F
^hkNq
¦
RSjW2W-p,ij^_fg`bW]OdﬃWCoOWeu§wWW]

#fg]Ox

# {^bkV>W],e^_a,]UWxﬁ^b]2Wﬃ¢O]U^£e^_a,]I
¦ 
 
»
ï
«-   ﬀ'eﬀ+'#d :.*SJﬀ#:.3N<d5"?:;'0>`$9* :.*`ﬂ5:;$;B ﬀK	5"?:#>`3N
  ·  · o<oy ´   ﬀ
n
@#ﬀcﬀ *ﬀ+* :.*`ﬂ BDﬀ+
F
@#ﬀc:A=#3N*` +<$2C;*=#')C;
F2n
$9*,C
F2n
3, #" ^"?:; :.B9B
fλ
d
λ ∈ F∗2n
d :.'Hﬀ_>]BD:.ﬀ#:.3,ﬀ#ﬂa ﬀ
B
@#ﬀ-^"?ﬀ *,3Nﬁ@#ﬀ' C =
fλ
ﬁ"%$2 #" :;')ﬀm@#ﬀ+*,a(]",ﬀ* ﬁ ﬀZ",: *.ﬀ 

 $^=
B = 0
9",ﬀ*
F
$j-*]C.
 
 

# $2=
F
$j
 
-dZ^"?ﬀ+*
B ≥ 2 · (2n − 1)/3
ﬁi$9^"ﬀ#13,:;Bf$90 $ =c:.*`ﬂ C;*,Bf $ =
Λ(F ) = 2(n+2)/2
a
 C.* *.ﬀ+'#ﬀ+BfdU$ =
B = 2 · (2n − 1)/3
:.*`ﬂ
Λ(F ) = 2(n+2)/2
9",ﬀ*
F
$j
 
 a

#  $2=
F
$j
 
 ^"?ﬀ+* $9R$jﬁ*`C; :A>,ﬀ+'m3N:.0$2C.*]a ﬀ C.')ﬀ#C+*ﬀ+'#d ^"?ﬀ+')ﬀﬁ$jG*`CG>?ﬀ+'A3NJ:;<$2C;* CQ=G^"?ﬀ
=C.'
F + L
ﬁ",ﬀ')ﬀ
L
$j : Bf$9*`ﬀ#:.' =#3N*` +<$2C;* C.*
F2n
a
_')CC =a

INkknijV5WﬁesSOfe5esSUWrsW#^bk5]Ua
λ 6= 0
knijd}SôesSjfge
fλ
^bk5oBW]@e
¦
Py^_]jdW
n
^bk5W,W]l±4§WﬁesSUW]ôSjfÁ,W
ν(fλ) ≥ 22n+2
a,r{fg`b`
λ
§SU^hd}S#daQ]@esr}fQxU^bdﬃek!Ł, 
¦
RSFijk
F
^bk]jageN{qw
¦

# PFij|U|Oa@knW5]Ua§¨eSjfe
F
^bk{qw
¦
RSFijk>Ł@ 2SUaQ`hxUkC^_V>|U`bmF^_]jcﬁeSjfea,rksaQV>W
λ
§wW5VﬀiOkue!SjfÁ,W
ν(fλ) = 2
2n ± $2a9ﬀEa fλ
^bkoBW]@e
¦
¤aQrWC|UrsW-dﬃ^hknW`_m
[∑
λ∈F∗
2n
ν(fλ) = (2
n − 1)22n+1 = B22n + N22n+2
fg]jx
B + N ≥ 2n − 1 ¦

W5VﬀiOkueCSjfÁQW
B = 2(2n − 1) − 4N
§^£eS
−N ≤ B − (2n − 1) ¦


W]jdﬃW
B ≤ 4B − 2(2n − 1)
§SU^hd}S `bWf,xUk!ea
B ≥ 2 · (2n − 1)/3
§^_esS W-p,iOfg`b^£eum ^_Nfg]jx
aQ]U`bmI^_
N = (2n − 1)/3 ¦ 
e^bkW-p,ij^_fg`bW]@e!eakfÁmF^_]jceSjfeﬀfQ]@mI]UaQ]oOW]@eﬀdﬃaQV>|BaQ]UW]@e
fλ
ksfges^hku¢OWk
ν(fλ) = 2
2n+2 fg]jx L(fλ) = 2(n+2)/2
Hkn^b]jdﬃW>^_e^bk|U`bfgesW-fgiUW-xj 
¦ 
e^bV5|j`_^bWkeSjfe
Λ(F ) = 2(n+2)/2 ¦
vwaQ]F,Wr}knW`_m,±7f,ksksiUV>WesSjfge
B = 2 · (2n − 1)/3
fQ]jx
Λ(F ) = 2(n+2)/2 ¦
RSFijk±UesSUW
(2n − 1)/3
]UaQ]#oBW]@eNdﬃa,V5|BaQ]jW]@ekkfe^bkn¢jWk
ν(fλ) = 2
2n+2 fQ]jx<HŁ, SUa,`bxjk
¦

# ¤RSjWij]jde^_a,]jk
fλ
§SU^hd}SfQrsW5oBW]@edfg]j]UageoOW'oOfg`hfg]jdWx
¦ 

F
^hk{q eSUW]eSUWrWW+My^bknek
λ
kniOd}SIeSjfe
fλ
^hkoOW],e
¦
RSFijk±
F
dfg]U]UaQeCoBW'f|BWrVﬀiUefe^_a,]
¦
¤a,rsWaQWr±OaQr!fg]Fm¤`b^_]jWfgr
iU]jdﬃes^baQ]
L
±eSUWdﬃa,V5|BaQ]jW]@e
(F +L)λ
^hkWp@ijfg`@ea
fλ +ϕ
a,r¥kna,V>Ww`b^_]jWfgr
¹
aFaQ`bWfQ]!iU]jdﬃes^baQ]
ϕ ¦
RSUWrWﬃa,rsW,±F^£e{^hkoOW]@e±U^bV>|U`_mF^b]Uc>esSOfe
F + L
^bk{]Uage{f>|BWrVﬀiye}fes^baQ]
¦

,.-
?
.
o
³  °RSUWrsWwWMy^bkne4{qôiU]jdﬃes^baQ]jkfQkKd}SjfQrf,desWrs^b©W-xC^_]ﬀesSUW|UrWF^_a,ijkKdﬃaQraQ`b`hfgrm
¦
RSUWwV5a@kue
fQV>aQijka,]UW!^hk
F : x 7→ x3
§SjWrW
fλ
^hk{oBW]@eN^_¥fg]jxa,]U`_mﬁ^£
λ 6= a3
aQrCfg`b`
a ∈ F2n ¦
{aQesW!eSjfe
x 7→ x3
^hk{q¨aQr{fg]Fm
n +
^_e{^hk{
¹
a,rayxUx
n ¦
,.-
?
.
o
³ 

We!ijk!dﬃa,]jkn^hxyWrfQ]<Nq iU]jdﬃes^baQ]
F
a,]
F2n
ksijd}SIeSjfefQ`_`^_ek!dﬃa,V>|Oa,]UW]@ek
fλ
±
λ ∈ F∗2n
±UfgrW|U`hfesW-fgiUW-x
¦

SUW]
n
^bkayxUx
±7vwaQraQ`b`bfQrsm­X^_V>|U`b^bWkesSOfe±UaQr{fg]Fm>iU]Odes^baQ]
G
§SU^hd}S
SOfQkCesSjWksfQV>W5W+MFesW]OxyWx

fg`hknS ks|OW-desriUV fQk
F
±fg`b`¥dﬃaQV>|BaQ]UW]@ek
gλ
±
λ ∈ F∗2n
±KfgrW>|U`bfgesW-fgiUW-x
a,|yes^bV'fg`
¦	
aQr^b]jknefQ]jdﬃW,±yesSUWij]jde^_a,]
G : x 7→ x2
i+1 + (x2
i
+ x)
R®r
(x2
i+1 + x), 1 ≤ i <
n + 1
2
, gcd(i, n) = 1
ëlë
º
 BXGC.#8ﬀ+'^=ﬀH + C.*SBf$9*`ﬀ#:;' =#3N*` +<$2C;*? «,«
xUWﬃ¢j]UW-x¤^b] TÌEWK^hk!vv O¡*W-p@iU^_fQ`_W],eNesa
x 7→ x2
i+1
¦
RSUWrsWaQrWQ±
G
^bkC ¹ ±B^_V>|U`bmF^_]UcesSjfge±BaQrfg]Fm
λ 6= 0
±y§WSjfÁQW
ν(gλ) = 2
2n+1
¦
 SUW]
n
^hk!W,W]l±
eSUW'kn^_esiOfes^baQ]^hk!dﬃaQV>|U`bWﬃeW`bmIxy^D6BWrsW]@e
¦ 	
a,r^_]jknefQ]jdﬃW,±
esSjW­{q iU]Odes^baQ]
xUWﬃ¢j]UW-x#^_] TÌEW
[
G : x 7→ x2
i+1 + (x2
i
+ x + 1)
R$r
(x2
i+1), 1 ≤ i <
n
2
, gcd(i, n) = 1
SOfQk!eSUWﬁkfgV>W  fg`hksSôkn|BWdﬃesriUV fQk
x3 ¦
¹ iye±4^_e5xUa@W-k]UaQe^bV>|U`_meSjfe>fg`b`w^_ek5dﬃa,V5|BaQ]jW]@ekfgrW
|j`bfgesWfQiUWx
¦ 	
a,r'^_]Okue}fg]jdWQ±aQr
n = 6
fg]jx
i = 1
±
ν(gλ)
±
λ 6= 0
±efQ¯QW-k
30
es^bV>Wk>eSUWÃfg`biUW
212
±
24
es^bV5W-k!eSUW­fg`biUW
213 + 211
fg]jx
9
e^_V>W-k!esSjW­fg`biUW
214 ¦
oFF^_a,ijks`_m,±lesSjW
gλ
a,r§SU^hd}S
ν(gλ) = 2
13 + 211
fgrW]Uage|U`hfeWfgijWx
¦
RSjW4|UrsWF^_a,ijk7WMUfgV>|U`bW4|BaQ^b],e}k
aQiUelesSjfge
esSUWw{qô|Ursa,|OWrneumNV>fÁmN`_W-fQx2esaNxU^X67WrW]@e®ksWﬃek
{ν(fλ), λ ∈
F
∗
2n}
§SUWrWf,ka,]U`_m'a,]UWdﬃaQ]U¢jcQiUr}fe^_a,]­^hk¯@]ja§]^b]­esSjWCayxUx#df,knW
¦
ª]jfgesiUr}fg`
p@iUW-kue^_a,]^hkesa>xyWﬃ¡
eWrV>^_]UW5§SUWesSUWr2eSUW>dﬃaQ]U¢jcQiUr}fe^_a,]esSjfgefg|U|BWfQrkN^_]<esSUW5ayxUxIdfQksWﬀV'fÁmÃfg`hksaayddiUr2§SjW]
n
^bk
WQW]
¦

.³ﬃ -

·
 o
³

%mCEﬀZ^"?ﬀ+')ﬀAﬀ 	e$jU:;*
 
 =#3N*` +<$2C;*
F
CQ=
F2n
d
n
ﬀ *.ﬀ*,d 3, H"^"?:;
ν(fλ) =
22n+1
=C.'A:.B9B
λ ∈ F∗2n 
  !$# %
	 
 (	 ﬁﬀﬃﬂ
RSjWW+My^bknesW]jdﬃWag7{q |BWrVﬀiUefe^_a,]jkKag
fg]WQW]]FiUVoOWr4agBÁfQrs^hfgoj`_W-k$^hk4f2V>fgtuaQraQ|BW]5|UraQoU`bWV±
W-kn|BWd^bfQ`_`bm2aQr$esSUWxyWks^_c,]agUoj`_ayd}¯dﬃ^b|USUWr}kKkn^b]jdﬃWw|Ur}fQde^bdfg`@dﬃrm@|Uesa,ksmykueWV'klf,de$a,]ﬀfg]ﬀWQW]!]FiUVﬀoBWr
aQ2fgr^hfgoU`bWk>xyiUW#ea^bV>|U`bWV>W]@efges^baQ] dﬃa,]jkuerfQ^_]@e}k
¦ 
] eSU^hk'kniUoOknW-des^baQ]®±§WxU^bkdﬃijkk5esSj^bk>a,|OW]
|jrsa,oU`_WV
¦

.³ﬃ -

·
 o
³

  5ﬀ+
F
@#ﬀ-:(>?ﬀ+'m3N:.0$2C.*ﬃC.*
F2n
d
n
ﬀ *.ﬀ*]a $R$9S>?C.H$2@+BDﬀi=C;'
F
CA@Hﬀ
 



W!§^b`_`
¢OrknersW@^bW§ §Sjfe^hk¯F]Ua§]ﬁfQoOa,iyeesSj^bk|jrsa,oU`_WV
¦

³F·

³

  ﬀ
F
@#ﬀm:;*,Z>,ﬀ'A3NJ:;<$2C;* C;*
F2n
d
n = 2t
a

·  $^=
n = 4
9",ﬀ*
F
 #:;*,*`C;_@#ﬀ
 
ma

 $^=
F ∈ F4[x]
9",ﬀ*
F
$j-*]C.
 
ma

# $2=
F ∈ F2t [x]
^"?ﬀ+*
F
$j-*`C;
 
 a

#  $2=
F
$j(3, H"^"?:; :.B9B]$9<Z #C.R>?C;*`ﬀ+*,<
fλ
d
λ ∈ F∗2n
di:;')ﬀ >]BD:.ﬀ#:.3,ﬀ#ﬂA9",ﬀ*
F
 H:;*,*]C. @#ﬀ
 
ma
_')CC =a

· C§fQk{|Ursa,Wxﬁijks^_]Uc­f'daQV>|UiyeWr-±yaQr2^_]Okue}fg]jdW!^_] TÌXgW
¦

2^hk{W-fQksm'esa|Ursa,WQ±Uks^_]OdﬃW!^_
F ∈ F4[x]
eSUW]
F (F4) = F4 ¦
RSFijk±y§^£eS
F4 = {0, 1, β, β + 1}
±y§WaQoye}fg^b]
[
F (0) + F (1) + F (β) + F (β + 1) = 0.

#{§fQk|UraQW-x­oFm


aQi T XQW
¦
 
»
ï
«ÁX   ﬀ'eﬀ+'#d :.*SJﬀ#:.3N<d5"?:;'0>`$9* :.*`ﬂ5:;$;B ﬀK	5"?:#>`3N
RSUW5a,`_`ba§^_]jcﬁrWksiU`_e§fQk2|UraQW-xÃoFmÃ{mFoBWrc#^b] T XVW
[
ﬀ
n
@#ﬀﬀ *.ﬀ*]a1$^=ﬁ:.*Sm>?ﬀ+'m3N:.0$2C.*
F
$jG3, H" 9",:.-:.B9B $9< #C.R>?C;*`ﬀ+*,<
fλ
d
λ ∈ F∗2n
dZ:.')ﬀ->,:.'0$2:.B9Bf @Hﬀ+*, 9",ﬀ*
F
 H:;*,*]C.Z@#ﬀ
 
 
$9* >?:;'<$2 +3NBD:;' 9",ﬀ'Hﬀ $j-*]C
1+3,:ﬂ;'):.0$2 
 
 >?ﬀ+'m3N:.0$2C.* CQ=
F2n ¦
q4fQrne^bfQ`_`bm­oBW]@e{iU]jdﬃes^baQ]jkNfgrWf
¯F^b]jx#ag4|U`hfeWfgijWxﬁiU]jdﬃes^baQ]jkN§SU^bd}SSjfÁ,W`_^b]UWfQrNknesrijdeiUrsW-k{fg]OxeSUW|UraFagag4{mFoBWrc>rsiU^_enij`_`bm
iOknW-xesSUW>]UW-dﬃW-kskfgrmﬁdaQ]jxy^_es^baQ]<cQ^bQW]ÃoFmRSjWaQrWVX
¦ 
ijr!vwa,rsa,`_`hfgrm
VcQW]jWr}fg`b^_©WkeSU^hk2rWksiU`_e±
|jrsaF^b]Uc

# 
¦

Na§!±®§W­knSja§ eSjfeﬀNq |BWrVﬀiye}fe^_a,]jk!fgrW­dﬃa,V5|j`_WesW`bm<d}SOfgr}fQdeWr^_©WxIo@mIesSUWﬁxyWr^_fges^bQWkaQ
eSUW^br2daQV>|BaQ]UW],e}k
¦
z{WdfQ`_`®esSjfge
F
^hkNf'|BWrVﬀiye}fe^_a,]¤aQ]
F2n
^_fg]OxaQ]U`bmﬁ^_fg`b`®^_ekCdﬃa,V>|Oa,]UW]@ek
fλ
±
λ ∈ F∗2n
fQrsWojfQ`bfQ]jdﬃW-x
¦ 
e{^bk§W`b`_¡*¯F]Ua§]esSjfgeesSU^hk^hkWp@iU^bfg`bW]@eesa
∑
a∈F∗
2n
F(Dafλ) = −2
n, ∀ λ ∈ F∗2n .
¬, 

WdfQ]#fQ`bksa5ijknWfQ]UageSUWrd}SjfQrf,deWr^_©-fes^baQ]§SU^bd}S`bWf,xUkesa5esSjWaQ`b`_a§^b]Uc5rsW-kniU`_e
¦
-

·/.·



· %ﬀ+
F
@#ﬀ-: =#3N*` +<$2C;*Z=#'HC.
F2n
$9*,C
F2n
ﬁi$9^"
 #C;(>,C.*]ﬀ*S2
fλ
d
λ ∈ F∗2n
a (]",ﬀ*
F
$j :->?ﬀ+'m3N:.0$2C.* $ = :.*]ﬂC.*SBfﬁ$ =HdS=C;'m:.B9B
a ∈ F∗2n
dﬁ ﬀ "?:+*ﬀ
∑
λ∈F∗
2n
F(Dafλ) = −2
n
 C;*?+ﬀ#13,ﬀ+*,0Bf
F
$j :.*
 
 >,ﬀ'A3N:.0$2C.* $ =m:.*`ﬂ
C.*SBfﬁ$ =HdS=C.'A:.*,
a ∈ F∗2n
d
∑
λ∈F∗
2n
F(Dafλ) = −2
n :.*`ﬂ
∑
λ∈F∗
2n
F2(Dafλ) = 2
2n .
_')CC =a
∑
λ∈F∗
2n
F(Dafλ) =
∑
λ∈F∗
2n
∑
x∈F2n
(−1)
R$r
(λ(F (x)+F (x+a)))
=
∑
x∈F2n
∑
λ∈F∗
2n
(−1)
R$r
(λ(F (x)+F (x+a))).
RSjW5`hfQkne!kniUV ^bk!d`_W-fgr`_m¤W-p,iOfg`Kesa
−2n
^£fg]jx<aQ]j`_m¤^_
F (x) + F (x + a) 6= 0
aQrfQ`_`
x
fg]Ox¤aQr
fQ`_`
a 6= 0 ¦
RSU^hk!V>WfQ]jkCesSjfge
F
^hkf#|OWrsViyefges^baQ]
¦
RSjW'`bf,kueﬀknefgesWV>W],e!aQweSUW'|UraQ|Ba,ks^£e^_a,]<^hk
aF^baQijks`bm­xyWxyiOdﬃWxl±UoFm­ijks^_]Uc'RSUWaQrWVX
¦ 
    !$# %
	 


  (.ﬀﬃﬁﬀﬃﬂ
ÃaQrW4rsW-kniU`_ek®aQ]eSUW{qwô|UraQ|BWrseum2fQrsW4¯F]Ua§]!§SjW]!§W4aydﬃijk®aQ]esSjW¥fgV>^b`_mCagU|Ba§Wr
iU]Odes^baQ]Ok±
$2a9ﬀEab±
F : x 7→ xd
aQWr
F2n ¦ 	
aQr^b]jkue}fg]jdWQ±]$ = ^"?ﬀ+')ﬀ $j
h
ﬁ"%$2 #"!ﬂ;$ *$2ﬂeﬀ
n
:.*]ﬂ
d = k(2h − 1) + 2r
=C;'(+C.ﬁﬀ
k
:;*`ﬂ
r
9",ﬀ*
F
$j(*`C;
 
 T_«ÁF±U«,«W
¦
N`bksa!^£
F
^bkw{q0esSUW]
gcd(d, 2n−1)
^hk¥¯F]Ua§]
¦

W!|UrWksW]@eesSU^hk`hfQkne{rsW-kniU`_e±y^b]jxy^hdfgesW-xﬁoFm


fg]jk2aQojoOWrne^_]l±j^_]¤f5V>aQrWCc,W]UWrfQ`
dﬃaQ]@eWMFe
¦
ëlë
º
 BXGC.#8ﬀ+'^=ﬀH + C.*SBf$9*`ﬀ#:;' =#3N*` +<$2C;*? «EV
-  ·/.·    ·  ﬀ+
r
@#ﬀ :ﬂ.$ *E$jC;' CQ=
n
a 5ﬀ+
F
@#ﬀ :.*S
=#3N*] 0$2C.* C.*
F2n
a
 
##3Nﬁﬀ 9",:.
F ∈ F2r [x]
a$2=
F
:;<$j "Uﬀ =C.' +C;Gﬀ
a ∈ F2r

F (y) + F (y + a) = β , β ∈ F2r ,
=C;' +C.ﬁﬀ
y
3, H"ﬃ9",:.
y 6∈ F2r
:.*]ﬂ
y2
r
+ y + a 6= 0
di9",ﬀ*
F
$j-*`C.
 
ma
 C.*,+ﬀH1+3,ﬀ+*,0BfdA$ =
F
$j
 
 ﬁi$9^"
F (x) = xd
dG9",ﬀ*
gcd(d, 2n − 1) = 1
=C.' Cﬂeﬂ
n
:.*]ﬂ
gcd(d, 2n − 1) = 3
=C.' ﬀ *ﬀ+*
n
a
_')CC =aPF^b]jdﬃW
F
`b^_W-k^b]
F2r [x]
eSUW]esSUWC|BaQ`bm@]jaQV>^bfQ`
G(x) = F (x) + F (x + a)
^hk^_]
F2r [x]
esaFa
¦
 Wﬃe
y 6∈ F2r
kniOd}SeSjfeeSUW!SFm@|BageSUWksWkfQrsWkfes^hkn¢jWx
¦
RSFijk
(G(y))2
r
= β = F (y2
r
) + F (y2
r
+ a) = F (y) + F (y + a)
§SjWrW
y2
r
6∈ {y, y + a} ¦
ddﬃa,rxy^b]Ucesa­2Wﬃ¢j]j^£e^_a,]ÃXy±
F
dfQ]U]UaQeoBW{qw
¦

Wﬃe
F (x) = xd
fQ]jxIksWﬃe
s = gcd(d, 2n − 1) ¦
NagesW5eSjfe!kniOd}S<fﬁ|Oa,`_mF]Ua,V5^hfg`
F
^hkC^_]
F2[x] ¦
Nage}fgoU`bmQ±O^£e2dfg]U]jage{oBWﬀfg]ÃNq¨|BWrVﬀiye}fes^baQ]a,r{W,W]
n ¦
NkkniUV>W!eSjfe
s > 1 ¦ 

W]jdW!esSUWrsW!^hk
y 6∈ F2
kniOd}SeSjfe
yd = 1 ¦ 
ojknWrs,WNeSjfe
x 7→ (x + 1)/x
^hk{f5oU^ tuWde^_a,]aQ]
F2n \ {0, 1}
fg]jxksWﬃe
y = (z + 1)/z ¦
RSjW]#§wW!c,Wﬃe
(z + 1)d
zd
= 1 , i.e. (z + 1)d + zd = 0.
Pyaj±y§WCSOfÁQW
z 6∈ F2
ksijd}SﬁesSjfge
F (z) + F (z + 1) = 0 ¦

SUW]
n
^hkayxUx
±y^_e{^bk^bV>|Oa@ksks^_oj`_WCesa>SjfÁ,W
z2 + z + 1 = 0 ¦
PFaO±F^£
F
^hkNq±FeSUWSFm@|BageSUWks^hk
s > 1
`_W-fQxUkwesa>f5dﬃaQ]@erf,xy^bdﬃes^baQ]ÃHfQddaQr}xy^b]Ucea
eSUW¢jr}kue|jfQrneaQ$eSUW!|UraQ|Ba,ks^£e^_a,]O 
¦

WesSUW]daQ]jd`_iOxyWCesSjfge
s = 1
aQrayxUx
n ¦
2ksksiUV>W2]ja§ esSjfge
n
^hkwWQW]ﬁfQ]jx
F
^hk{q
¦
RSU^bkw^hkw|Ba,kks^_oU`bWNa,]U`bm'^£
z2 + z + 1 = 0
±,eSjfe^hk
z ∈ F4
Hkna
y ∈ F4
 
¦
RSUW]®±Q^b]eSU^hk¥df,knW,±
yd = 1
^bV>|U`_^bWk
y ∈ F4 ¦

W{dﬃaQ]Odﬃ`bijxyWesSOfe
s = 3
±Qks^b]jdﬃW
s > 3
§wa,iU`bx`_W-fQx>ea5f5dﬃa,]@esr}fQxy^hde^_a,]Ã
yd = 1
a,rfknijoUcQraQiU|`bfQrsc,Wr¥eSjfg]
F
∗
4
 
¦
RSU^hkdﬃaQV>|U`bWﬃeWk
eSUW!|UraFag
¦ 
RSUWNfQdﬃeesSOfe±@a,rw|Ba§wWr4iU]jdﬃes^baQ]jk±@esSUW{qwª|UraQ|BWrseumﬀSOfQkfxyWW|OWrwrW`hfe^_a,]jksSU^_|'§^_esSesSUW

fg`hksS#ks|OW-dersiUVag$esSUWiU]Odes^baQ]^hk{xyiUWea5esSUWa,`_`ba§^_]jc5rWksiU`_e
¦
-

·/.·



·  ﬀ+
F
@#ﬀ :;*, =#3N*] 0$2C.* C.*
F2n
CQ=ﬃ^"?ﬀm=C.'
x 7→ xd
a 5ﬀ+
fλ
ﬂﬀ+*`C;Jﬀ ^"?ﬀ
 #C;(>,C.*]ﬀ*S2 CQ=
F
a L7ﬀ
s = gcd(d, 2n − 1)
:.*`ﬂ
2n − 1 = us
a5ﬀ+
α
@HﬀG:->`'$9A$9<$ *.ﬀﬁﬀ+BDﬀﬁﬀ+*,(CQ=
F2n
a (`",ﬀ*
F(Dafλ) = F(D1fλad)
=C.'m:;B9B
a, λ ∈ F∗2n
a
ﬀ C.'HﬀHC+*ﬀ+'#d
ν(fλ) = 2
2n + s
u−1∑
i=0
F2(D1fλαid).
:;*`ﬂ
∑
λ∈F2n
F2(Dafλ) =
1
s
s−1∑
j=0
ν(fαj ) .
 
»
ï
«   ﬀ'eﬀ+'#d :.*SJﬀ#:.3N<d5"?:;'0>`$9* :.*`ﬂ5:;$;B ﬀK	5"?:#>`3N
_')CC =a  W!SjfÁQW,±FaQr{fg]Fm­]jaQ]U©Wra
a [
F(Dafλ) =
∑
x∈F2n
(−1)
R$r
(λ(xd+(x+a)d))
=
∑
x∈F2n
(−1)
R$r
(λad(( x
a
)d+( x
a
+1)d))
=
∑
y∈F2n
(−1)
R$r
(λad(yd+(y+1)d)) = F(D1fλad),
oFm­rW|j`bf,dﬃ^b]Uc
y = x/a ¦
{a§!±
ν(fλ) =
∑
a∈F2n
F2(Dafλ)
= 22n +
2n−2∑
i=0
F2(D1fλαid)
= 22n + s
u−1∑
i=0
F2(D1fλαid)
= 22n + s
u−1∑
i=0
F2(D1fλαis)
n«, 
ks^b]jdﬃW
αvud = 1
a,r
1 ≤ v ≤ s− 1 ¦
¤aQrWa,Wr-±gaQr2fg]Fm
a ∈ F∗2n
±y§W!SjfÁ,W
∑
λ∈F∗
2n
F2(Dafλ) =
∑
λ∈F∗
2n
F2(D1fλad)
=
s−1∑
i=0
u−1∑
j=0
F2(D1fαiαjs) ,
§SjWrWﬀeSUW'`bf,kue!W-p,iOfes^baQ]<^bka,oyefQ^_]jWx<o@mI§rs^_es^b]Uc
λ = αi+js
fg]Ox
ad = αks ¦

W5eSUW] xyW-xyijdﬃW
raQVu«, wesSjfge
∑
λ∈F∗
2n
F2(Dafλ) =
1
s
s−1∑
j=0
(
ν(fαj )− 2
2n
)
.
RSjWCrWksiU`_e{]Ua§ daQV>WkwraQVesSUWf,deesSjfge
F2(Dafλ) = 22n
aQr
λ = 0 ¦ 
Na§!±eSUWwks^_esijfges^baQ]§SUW]
n
^bk$ayxUx!^hk$p@iU^_esWdﬃ`bWfQr®fQk$|Oa,^_]@eWxaQiUe$^b]!esSUWaQ`b`_a§^b]Uc{|jrsa,|Oa@kn^_es^baQ]
¦
NageWNeSjfeesSU^hk|UraQ|Ba,ks^£e^_a,]'^_]jd`_iOxyWkfg`b`
{q°|Ba§wWr¥iU]Odes^baQ]Okks^b]jdﬃWfg]Fm'{q°|Ba§wWr¥iU]Odes^baQ]
^hkf5|OWrsViyefges^baQ]§SUW]
n
^bkayxUx
¦
ëlë
º
 BXGC.#8ﬀ+'^=ﬀH + C.*SBf$9*`ﬀ#:;' =#3N*` +<$2C;*? «Á
-  ·/.·    ·
ﬀ+
F
@#ﬀ :;*, =#3N*] 0$2C.* C.*
F2n
CQ=ﬃ^"?ﬀm=C.'
x 7→ xd
a 5ﬀ+
fλ
ﬂﬀ+*`C;Jﬀ ^"?ﬀ
 #C;(>,C.*]ﬀ*S2 CQ=
F
a
 
#3Nﬁﬀ-^"?:.
gcd(d, 2n − 1) = 1
a (`",ﬀ* 9",ﬀ
ν(fλ)
d
λ ∈ F∗2n
d :;')ﬀAﬀH1+3,:.B:.*`ﬂ
ν(f1) =
∑
λ∈F2n
F2(D1fλ).
ﬀ C;')ﬀ#C *.ﬀ' ^"?ﬀ+ﬀ-:.ﬀﬁﬀ+*,<Hd ﬁ"N$2 H" :.')ﬀ8>,C#$2@BDﬀU=C;'mCﬂeﬂ
n
C;*,BfdU:;')ﬀAﬀH1+3N$ *.:.BDﬀ+*, 


F
$j :.*
 
 >,ﬀ'A3N:.0$2C.* 

#
ν(fλ) = 2
2n+1 =C.' +C;Gﬀ λ


# 
∑
λ∈F2n
F2(D1fλ) = 22n+1
a
_')CC =a ddaQr}xy^b]Uc5esa5esSUW!|jrsW@^baQiOkw|jrsa,|Oa@kn^_es^baQ]l±y§WSjfÁQW2aQr{fQ]Fm
λ [
ν(fλ) = 2
2n +
2n−2∑
i=0
F2(D1fλαid) =
∑
µ∈F2n
F2(D1fµ),
ks^b]jdﬃW
s = 1
fQ]jx
x 7→ xd
^hkf5|OWrsViyefges^baQ]a,]
F2n ¦
RSUWknW-dﬃaQ]OxknefeWV>W]@e^hkxU^_rWdﬃes`bmxyWxUijdﬃW-x
raQVRSUWa,rsWVX
¦
zW-dfg`b`7esSOfe
F
dfg]j]UageoBW{q°a,rWQW]
n
ksWW!RSUWaQrWV Vj±

# ﬃ 
¦ 
RSjWf,deCesSjfge
F
{qw±l§^_esS
F (x) = xd
aQWr
F2n

n
ayxUxj ±®^_V>|U`b^_W-kCesSjfge
ν(
R$r
(xd)) = 22n+1
§SjW]
gcd(d, 2n − 1) = 1
±y§f,k|Ursa,Wxo@m


W`b`bWksWﬃesS Tb«-ŁW®^b]fQ]UageSUWrdaQ]@esW+M@eHknWWfg`hknaT Ł;WÚ 
¦


WrWCfQc,fg^b]l±@esSjWCks^£eijfe^_a,]ﬁ^hkQWrsm'xy^D6BWrsW]@e§SUW]
n
^bkW,W]#fQk|Oa,^_]@eWx­a,iye^_]esSUWCa,`_`ba§^_]jc
eSUWa,rsWV
¦
zW-dfQ`_`BesSOfe
Λ(F )
^hkxUWﬃ¢j]UW-x­oFm'NW¢j]U^_es^baQ]
 
¦
{aQesW2esSjfge^_e^bkdﬃa,]tuWdﬃesiUrWx­esSjfge
Λ(F )
dfg]U]jageﬀoBW`bWkk!eSjfg]
2(n+2)/2
a,rﬀW,W]
n ¦

W|jrsa,W'SUWrW­eSjfeeSU^hkﬀ^hkersijW'aQr5{q|Oa§Wr
ij]jde^_a,]jk
¦

³F·

³

 ﬀ
n = 2t
@#ﬀ :.* ﬀ *.ﬀ* $9*SJﬀlﬀ'ﬁ:.*]ﬂcBDﬀ+
F
@Hﬀ:.*,-=#3N*] 0$2C.* C;*
F2n
C =m^"?ﬀ(=C.'
x 7→ xd
a5ﬀ+
fλ
ﬂﬀ+*`C;Jﬀ ^"?ﬀA HC;(>,C.*]ﬀ*S2 C =
F
a (]",ﬀ*,d
F
$j
 
 $ =m:.*`ﬂ
C.*SBfﬁ$ =
ν(f1) + 2ν(fα) = 3 · 2
2n+1
ﬁ",ﬀ'Hﬀ
α
$j :Z>`'$9A$90$ *ﬀﬁﬀ+BDﬀ+Gﬀ+*,_CQ=
F2n
a
ﬀ C.'HﬀHC+*ﬀ+'#d $ =
F
$j
 
 d ^"?ﬀ+*!$9 :;<$j "Uﬀ
F(fλ) =
{
(−1)t+12t+1
$ =
λ ∈ {x3, x ∈ F∗2n}
(−1)t2t
$ =
λ 6∈ {x3, x ∈ F∗2n} ,
$9R>`BX.$9*
9",:.
Λ(F ) ≥ 2t+1 ,
^
¦
W
¦
d 9",ﬀ *]C.*,BX$9*`ﬀ#:.'$90CQ= 3, #"
F
+:.0$j " ﬀ
N (F ) ≤ 2n−1 − 2t
a
 
»
ï
« 
  ﬀ'eﬀ+'#d :.*SJﬀ#:.3N<d5"?:;'0>`$9* :.*`ﬂ5:;$;B ﬀK	5"?:#>`3N
_')CC =a NkksiUV>WesSjfge
gcd(d, 2n − 1) = 3 ¦
RSFijk±FraQV q¥raQ|Ba,ks^_es^baQ]#j±y§W!SjfÁ,WNa,r{fg]Fm
a [
3
∑
λ∈F2n
F2(Dafλ) = ν(f1) + 2ν(fα),
§SjWrW
α
^hkfN|Ur^bV5^_es^bQWW`_WV5W]@eKaQ
F2n ¦
RSU^hkdﬃa,V5W-k$rsa,V¨esSUWwfQdﬃeesSjfge
ν(fα) = ν(fα2)
oOW-dfQijknW
oBageS#iU]jde^_a,]jk{fQrsWC`_^b]UW-fgr`_m­W-p@iU^_fQ`_W],e
¦
zW-dfQ`_`OesSjfge^_
F : x 7→ xd
^hkwNq±F§W{SjfÁQW
gcd(d, 2n− 1) = 3
ksWWNq¥rsa,|Oa@kn^_es^baQ]V, 
¦'

W]jdWQ±
f,ddaQr}xy^_]jcﬀea>RSjWaQrWVXF±
F
^hk{Nq¨^_fQ]jxa,]U`bm­^£
ν(f1) + 2ν(fα) = 3 · 2
2n+1.
 Wﬃe
gλ
±
λ ∈ F2n
±yxyW]UageWesSjWCdaQV>|Oa,]UW]@e}k¥ag
G : x 7→ x3
a,Wr
F2n ¦ 

F : x 7→ xd
^hkwNq0eSUW]
d = 3rk
±
r > 0
±y§^_esS
gcd(d, 2n − 1) = 3 ¦
RSFijk§wWSjfÁ,W
[
F(fλ) =
∑
x∈F2n
(−1)
R®r
(λxd)
=
∑
y∈F2n
(−1)
R$r
(λy3
r
)
=
∑
z∈F2n
(−1)
R$r
(λz3) = F(gλ).
RSj^bk^hk{oBWdfgijksW
x 7→ xd
^hk
3
¡*esaQ¡
1
rsa,V
F
∗
2n
esa>eSUWﬀksWﬃe
{ z3 | z ∈ F2n }
±Bkn^b]jdﬃW
ud = vd
^£¥fg]Ox
a,]U`bm­^£
(u/v)3 = 1
±FeSjfe{^hk
u = vβ
§SUWrW
β ∈ F∗4 ¦
Na§§WSOfÁQW
F(fλ) = F(gλ)
§^£eS
gλ(x) =
R®r
(λx3) ¦
RSUWwÁfQ`_ijWklaQ
F(gλ)
§wWrsWwxyWﬃeWrV5^b]UW-x
oFm#vfQrs`b^_es©GT_«ÁXF±jRSUWaQrWV «+W
[
F(gλ) =
{
(−1)t+12t+1
(−1)t2t
,
f,ddaQr}xy^_]jc5f,k
λ
^bka,r^bk]jageNf>dﬃiUoBW!^b]
F
∗
2n ¦

WxyWxyiOdﬃWCesSjfge
F(f1) = −2
t+1 fQ]jx F(fα) = 2
t ;
a,rW,W]
t
fQ]jx
F(f1) = 2
t+1 fg]jx F(fα) = −2
t
a,rayxUx
t ¦
ÃaQrWaQWr±@§WCSOfÁQWCaQr{fQ]@m
t [
Λ(F ) ≥ |F(f1)| = 2
t+1 .

zW-dfQ`_`
eSjfeNaQr{ayxUx
n
±U^_eN^hk§wW`_`_¡æ¯@]ja§]eSjfe
Λ(F ) ≥ 2(n+1)/2
aQr2fg]Fm­iU]Odes^baQ]
F
aQ]
F2n
§Sja,ksW^bV>fQcQWwSjfQkKxy^bV5W]jks^_a,]
n ¦
RSUW]UW+MFedaQ]tuW-desijrsWdﬃa,V5W-k®]OfesijrfQ`_`bmCrsa,V eSUW|UrWF^_a,ijklrWksiU`_e
¦
 
· -³
gE®
³  ﬀ
F
@#ﬀ :.*, =#3N*` +<$2C;*C.*
F2n
ﬁ"?ﬀ+')ﬀ
n = 2t
a$2=
F
$j
 
 ^"?ﬀ+*
Λ(F ) ≥ 2t+1
a
ëlë
º
 BXGC.#8ﬀ+'^=ﬀH + C.*SBf$9*`ﬀ#:;' =#3N*` +<$2C;*? «
,.- ? . o ³ 

	
a,r{qw0|Oa§Wrij]jde^_a,]jk¥a,Wr
F2n
±
n
WQW]l±geu§a!xy^X67WrW]@ewks^_esijfges^baQ]jk4fQrsW¯F]Ua§]
¦
 
	
a,rNZCaQ`hxﬁW+My|Oa,]UW]@ek±
d = 2i + 1
±
gcd(i, n) = 1
±
1 ≤ i < n2
±y§WSjfÁQW
ν(f1) = 2
2n+2 fg]jx ν(fα) = 2
2n .
RSU^hkdﬃa,rsrWks|Oa,]jxUkCeaesSUW­ks^£eijfe^_a,] xyWkdﬃr^_oBWx^b]ôvwaQraQ`b`bfQrsm!V
¦
RSUWksW>iU]jdﬃes^baQ]jkﬀfQd}SU^bW,W
esSUWSU^bcQSjWkne|Ba,kkn^boU`bW2]jaQ]U`b^_]jWfgr^_euma,rfQ]ﬁNq |Oa§WriU]jdﬃes^baQ]fQkknSja§]­^_]ﬁesSjW2|UrWF^baQijk
esSUWaQrWV
¦
 
	
a,r2aQoUoBWrses^b] 4 kﬀW+MF|BaQ]jW]@e±
d = 24g + 23g + 22g + 2g − 1
§SUW]
n = 5g
±K§W­SjfÁQW>a,r
n ∈ {10, 20}
ν(f1) = 2
2n+1 + 2n+2g+1
(
22g + 2g − 1
)
fg]jx
ν(fα) = 2
2n+1 − 2n+2g
(
22g + 2g − 1
)
.


WrsW,±U§wWSjfÁ,W
Λ(F ) > 2
n
2 +1
¦
    ﬃ(ﬃﬀﬃ*ﬀﬃﬂ

 
δ(F) ≥ 4

W!|UrWF^baQijks`_m>aydijknW-x#aQ]{q°iU]Odes^baQ]Ok±U^
¦
W
¦
±yesSUWij]jde^_a,]jkaQr§Sj^bd}S
δ(F ) = 2
§^_esS
δ(F ) = max
a6=0, b∈Fn2
#{x ∈ Fn2 , DaF (x) = b}.
Na§!±j§W|BaQ^b],e2aQiye{eSjfeCkna,V5WﬀrsW-kniU`_ekNaQ]#esSjWksiUV5¡*aQÚ¡ækp@ijfgrW^_]jxU^bdfesa,rk{agesSUWdﬃaQV>|BaQ]UW]@ek{aQ
F
dfQ]#oBWxyWrs^bQW-x'raQVNm@oBWrc,4 krWksiU`£e TÌX;W*±y§SUW]
δ(F ) ≥ 4 ¦
-

·/.·



·  ﬀ+
F
@Hﬀ :i=#3N*` +0$2C.*R=#')C;
F2n
$9*,C
F2n
ﬁi$9^"  #C.R>,C.*`ﬀ+*,<
fλ
d
λ ∈ F∗2n
a (]",ﬀ*,d
^"?ﬀ+')ﬀAﬀ 	e$j<
a ∈ F∗2n
3, H"ﬃ9",:.
∑
λ∈F2n
F2(Dafλ) ≥ 2
2n+1 + 2nδ(F )(δ(F ) − 2) .
_')CC =a

W!ijksWesSUWkfgV>W]Uage}fe^_a,]#f,k^_]¤2Wﬃ¢j]U^_es^baQ]IX
¦

We
a ∈ F∗2n
oOWksijd}S#esSOfeesSjWrWCW+My^bknek
b ∈ F2n
§^_esS
δ(a, b) = δ(F ) ¦

Wﬃe
Ai
xyW]UageWeSUW>]FiUVﬀoBWr!aQ
b ∈ F2n
kniOd}SÃesSOfe
δ(a, b) = i ¦
z{WdfQ`_`7eSUWaQ`b`ba§^_]UcaQrVﬀij`bf>xyiUWea'{mFoOWrsc TÌX.W
[
aQr{fQ]Fm
a ∈ F∗2n∑
λ∈F2n
F2(Dafλ) = 2
n
∑
b∈F2n
δ2(a, b) .

WxyW-xyijdﬃWCeSjfe
2−n
∑
λ∈F2n
F2(Dafλ) = δ(F )
2Aδ(F ) +
δ(F )−2∑
i=2
i2Ai
n«Q«- 
≥ δ(F )2Aδ(F ) + 2
δ(F )−2∑
i=2
iAi ,
 
»
ï
«-Ł   ﬀ'eﬀ+'#d :.*SJﬀ#:.3N<d5"?:;'0>`$9* :.*`ﬂ5:;$;B ﬀK	5"?:#>`3N
§^_esSW-p,iOfg`b^£eum­^_4fg]jxﬁaQ]U`bm­^_
δ(a, b) ∈ {δ(F ), 2, 0}
a,r{fg`b`
b ∈ F2n ¦
¤aQrWa,Wr-±,§WSjfÁQW
δ(F )−2∑
i=2
iAi = 2
n − δ(F )Aδ(F ) .
n«-XQ 
RSFijk± ∑
λ∈F2n
F2(Dafλ) ≥ 2
2n+1 + 2nδ(F )(δ(F ) − 2) ,
§^_esSW-p,iOfg`b^£eum­^_4fg]jxﬁaQ]U`bm­^_
Aδ(F ) = 1
fg]jx
Ai = 0
aQr{fQ`_`
4 ≤ i ≤ δ(F )− 2 ¦ 
  ·  · o<oy ´  ﬀ
F
@#ﬀR:U>?C+ﬁ ﬀ'>,ﬀ'A3NJ:;<$2C;*C.*
F2n
d
n
ﬀ *.ﬀ*,d5$2a9ﬀEaDd
F (x) = xd
ﬁi$9^"
gcd(d, 2n−
1) = 1
a5ﬀ+
fλ
ﬂﬀ+*`C;Jﬀ 9",ﬀm #C;(>,C.*]ﬀ*S2 CQ=
f
a (]"?ﬀ+*?dU:;B9B
ν(fλ)
d
λ ∈ F∗2n
d :.')ﬀAﬀ#13,:;B:.*]ﬂG+:.0$j^=#
ν(fλ) ≥ 2
2n+1 + 2n+3 .
ﬀ C;')ﬀ#C *.ﬀ'#d $ =mﬀH1+3,:.BX$9<m",C.BDﬂ.HdU9",ﬀ*
δ(F ) = 4
a
_')CC =a

SUW]
F
^hk{f5|Oa§Wr|BWrVﬀiye}fes^baQ]®±y§wWSjfÁ,W2raQVq¥rsa,|Oa@kn^_es^baQ]¤ﬀesSjfge±ya,r{fg`b`
λ ∈ F∗2n
±
ν(fλ) =
∑
µ∈F2n
F2(D1fµ) .
ÃaQrWaQWr±@§WC¯F]Ua§rsa,Vq¥raQ|Ba,ks^£e^_a,]ﬁ5eSjfe-±yaQr{fQ]@m
a ∈ F∗2n
±
∑
µ∈F2n
F2(D1fµ) =
∑
µ∈F2n
F2(Dafµ) .
	
rsa,V esSjW!|UrsWF^_a,ijk|Ursa,|Oa@kn^_es^baQ]®±y§wW!xyW-xyijdﬃWeSjfe-±FaQrNfQ`_`
λ ∈ F∗2n
±
ν(fλ) ≥ 2
2n+1 + 2nδ(F ) (δ(F )− 2) .

SjW]
n
^hkW,W]l±
F
dfQ]U]UaQeoBW{qw±U^
¦
W
¦
±
δ(F ) ≥ 4 ¦
RS@iOk±y^_e{^_V>|U`b^bWkeSjfe
ν(fλ) ≥ 2
2n+1 + 2n+3
aQr{fQ`_`
λ ∈ F∗2n .
n«V, 
vwa,]FQWr}ksW`bmQ±,fQ]Fm5|Ba§Wr|BWrVﬀiUefe^_a,]­§SU^hd}Sﬁkfe^bkn¢jWkCu«EVQ §^£eSWp@ijfQ`_^_eum>^bkksijd}S'eSjfe
δ(F ) = 4 ¦

]OxyWW-x
±j§Wdﬃ`bWfQrs`bm­SjfÁ,W2eSjfe
δ(F ) ≥ 4
rsa,V vwaQraQ`b`hfgrm¤«
¦
¤aQrWa,Wr-±@aQr
δ(F ) ≥ 6
±U§wW!§aQij`bx
SOfÁQW
ν(fλ) ≥ 2
2n+1 + 3 · 2n+3
aQr{fQ`_`
λ ∈ F∗2n .

,.-
?
.
o
³ 

SUW]
n
^hkWQW]®±QeSUW2^b]FQWrksWiU]jdﬃes^baQ]
F : x 7→ x2
n−2 aQWr
F2n
±F§SU^hd}S­^hkijknW-x'^b]
eSUW
k
PPF¡*oBaMyWk±Uksfges^hku¢jW-k
ν(fλ) = 2
2n+1 + 2n+3
a,r{fg`b`
λ ∈ F∗2n
HknWW
k
MUfQV5|j`_W'XQ 
¦
RSjW]l±7eSUW5ksiUV5¡æagÚ¡¾ksp@ijfQrsW^b]jxy^hdfgesa,rkNag^_ekdﬃa,V>|Oa,]UW]@ekCfQd}Sj^_WQW!eSUW`ba§Wkne
|Ba,kks^_oU`bWfg`biUWCaQr{f>|Ba§wWr|BWrVﬀiUefe^_a,]ﬁaQ
F2n
§SjW]
n
^hkW,W]
¦
ëlë
º
 BXGC.#8ﬀ+'^=ﬀH + C.*SBf$9*`ﬀ#:;' =#3N*` +<$2C;*? «-¬
PF^b]jdW{^£e^bkwkue^_`b`jij]U¯F]Ua§]>§SUWﬃeSUWr{qª|OWrsViyefges^baQ]jk4aQ
F2n
WMy^hkuew§SUW]
n
^hk¥W,W]l±QesSUWNijknW
aQ4|OWrsViyefges^baQ]jk
F
§^_esS
δ(F ) = 4
^bk2knij^£e}fgoU`bW!^_]<dﬃrm@|UesaQc,rfQ|USU^hd2fQ|U|U`b^bdfe^_a,]jk
¦
 SUW]
F
^hk{]jage
f5|Ba§wWriU]jde^_a,]l±yeSUW!fg`biUWk ∑
λ∈F2n
F2(Dafλ)
V'fÁm#xy^X67Wr2§SUW]
a
fgrs^bWk
¦
 W¯F]Ua§ raQVn«Q«Á fg]Oxn«-X, esSjfge2fg]FmiU]jde^_a,]
F
§^£eS
δ(F ) = 4
kfe^bkn¢jW-k ∑
λ∈F2n
F2(Dafλ) = 2
2n+1 + 2n+3A4(a)
§SjWrW
A4(a)
^hkesSjW!]@ijVﬀoBWrag
b ∈ F2n
knijd}S#eSjfe
δ(a, b) = 4 ¦
RSUWrsWaQrWQ±F§WCSOfÁQW
∑
λ∈F∗
2n
ν(fλ) = (2
n − 1)22n+1 + A2n+3
n«@ 
§SjWrW
A =
∑
a∈F∗
2n
A4(a) ¦
NageWesSOfe±
^_4esSjW5ksiUV5¡*aQÚ¡ækp@ijfgrW!^b]jxy^hdfeaQr}kNfQrsWﬀksijd}S¤eSjfe>u«@ {^bk
kfe^bkn¢jW-x­a,r
A ∈ {1, 2}
±,esSUW]
δ(F ) = 4 ¦ 
]OxyWW-x
±
δ(F ) = 2
^bV>|U`b^_W-kesSjfge
∑
λ∈F∗
2n
ν(fλ) = (2
n − 1)22n+1 ,
raQV vwaQraQ`b`hfgrm­«
¦
¤a,rsWaQWr-±^_
δ(F ) ≥ 6
±,§WNxyW-xyijdﬃWNrsa,V qrsa,|Oa@kn^_es^baQ]
 
fg]jxRSUWa,rsWV XeSjfe
∑
λ∈F∗
2n
ν(fλ) =
∑
a∈F∗
2n
∑
λ∈F2n
F2(Dafλ)
≥ (2n − 1)22n+1 + 3 · 2n+3 .
RSjWNdf,knW
A = 2n−1
^_]Ãn«F ^bkwfQd}SU^bW,Wx5oFmﬀeSUW{^b]FQWr}ksWiU]jde^_a,]­§SU^hd}S'^bkwkniOd}SeSjfe
A4(a) = 1
a,rKfQ]Fm!]UaQ]U©Wra
a ¦

a§wWQWr-±-§wWdfQ]§wa,]jxyWr$§SUWesSUWr4kna,V5WwiU]jdﬃes^baQ]jk
F
§^_esS
δ(F ) = 4
fQd}Sj^_WQW
f5`ba§wWrÁfQ`_ijW2a,r
A ¦
RSFijk±FesSjWaQ`b`_a§^b]Uc5aQ|BW]|UraQoU`bWVfQrs^hksWk
¦

.³ﬃ -

·
 o
³

 ! $9*`ﬂ!:m>,ﬀ+'m3N:.0$2C.*
F
C.*
F2n
d
n
ﬀ *.ﬀ*,dﬁi$99"  #C;(>,C.*]ﬀ*S2
fλ
d
λ ∈ F∗2n
d
3, #"c^"?:;
δ(F ) = 4
:.*]ﬂ
∑
λ∈F∗
2n
ν(fλ) = (2
n − 1)22n+1 + A2n+3
=C;' +C.ﬁﬀ $9*SJﬀlﬀ'
A < 2n − 1
a
  
"ﬁ ﬁ 	$ﬂﬃ   ¨ "ﬁ#	$ﬂﬃ#
N]ﬀ^b]y¢j]U^_esWdﬃ`hfQkklaQjp@ijfQxyr}fe^bdw{qôiU]jdﬃes^baQ]jk±§SU^hd}SfQrsW¥]jage$W-p@iU^_fQ`_W],e$esafg]FmC|Oa§Wr®iU]jde^_a,]l±
§fQkd}Sjfgr}fQdﬃesWr^b©WxôQWrsm rsW-dﬃW]@e`_m°ksWW T .WCfQ]jx Tb«ÁW 
¦
RSU^hkxy^hks|Ursa,Wk'f daQ]tuW-desijrsW¤a,]{q
 
»
ï
XQ   ﬀ'eﬀ+'#d :.*SJﬀ#:.3N<d5"?:;'0>`$9* :.*`ﬂ5:;$;B ﬀK	5"?:#>`3N
ij]jde^_a,]jk#agxyWcQrWW
2
±2kfÁmF^_]Uc esSjfgeksijd}Sij]jde^_a,]jkfgrWIWp@iU^bfg`bW]@eeaôeSUW|Oa§WrﬁiU]jdﬃes^baQ]jk
x 7→ x2
k+1 a,Wr
F2n
§^£eS
gcd(k, n) = 1
fg]jx
1 ≤ k ≤ n/2 ¦ 

WrWQ±¥§W¤dﬃa,],ers^boUiyeWeaesSUW
d`bf,ksks^_¢Odfges^baQ]aQ{q p@ijf,xyrfges^hd¤iU]Odes^baQ]Ok
¦
 W|UraQWÃeSjfe#esSjWrWfQrsW]Ua {q p@ijfQxUrfges^hd
ij]jde^_a,]jkaQ]
F2n
aQ®esSjWaQrV
F (x) =
n−1∑
i=1
cix
2i+1 , ci ∈ F2n ,
n«-Q 
W+MUdﬃW|UeCeSUW'|UrWF^baQijks`_mIV5W]@es^baQ]UW-xI|Ba§wWriU]jdﬃes^baQ]jk
¦
 W'§^b`b`¥ijksWeSUW


WrsV>^_esWe4 kdrs^_esWrs^baQ]
¦

|jrsaFagKag$esSUW!]UW+MFeesSUWaQrWVdfg]#oOWa,iU]jx#^_] TÌXQXF±ORSUWa,rsWV
¦
;W
¦

³F·  ³  
 T


WrsV>^_esW4 kdrs^_esWrs^baQ]?W ﬀ
Fq
@Hﬀ :;*,)" *,$9ﬀ "UﬀB ﬂmC =  #"?:.'H: +Jﬀ+'$j<$2 
p
a (]"?ﬀ+*!:_>,C.BX.K
*]C.A$2:.B
P ∈ Fq [x]
$j-: >?ﬀ+'A3NJ:;<$2C;*A>?C;Bf.*`C;m$2:;BCQ=
Fq
$ =-:.*]ﬂ C.*SBfG$ = @#C;9"Z=C;B9BDC ﬁi$9*ﬃ #C;*`ﬂ.$90$2C.*,
",C.BDﬂ 


P
"?:. ﬀ
	%: +<BXC.*`ﬀ ')CEC.U$9*
Fq


# =C;'cﬀ#: #" $9*,ﬀeﬀ+'
t
ﬁi$99"
1 6 t < q − 1
3, #" 9",:.
t 6≡ 0 (mod p)
d 9",ﬀﬃﬂﬀ;'HﬀHﬀ CQ=
P (x)t
(mod xq − x)
$j B ﬀ# 9",:.* C;' ﬀ#13,:;B JC
q − 2
a

]aQr}xyWrwea­kn|BWd^£mﬁaQiUr|Uijrs|Ba,ksWQ±y§W¢jr}kue{xy^hksdijkkkna,V5Wa,|OW]ﬁ|UraQoj`_WV>k
¦
 ﬃ       	  ﬀ 	ﬃ
  ﬂ

Wﬃe
F
oOW<f p,iOfQxyr}fe^bdﬁiU]jdﬃes^baQ]0a,]
F2n ¦
RSUW]l±aQrfQ]Fm
a
±weSUW¤iU]jdﬃes^baQ]
DaF
^bkf.F']UW¤aQr
daQ]jknefQ]@e
¦
RSFijk±y^_e{^hkaQoFF^_a,ijks`_m­xyW-xyijdWxrsa,Vq¥raQ|Ba,ks^£e^_a,]I«
[
 
·

·
o<oy
´ 

 
*Sm13,:eﬂ.'):;<$2 =#3N*] 0$2C.*
F
C;*
F2n
$j
 
 $ = :;*`ﬂGC.*SBf $ ==C.' :.B9B]*`C;* ﬂEﬀ+')C
a
d ^"?ﬀ
+ﬀ+
{DaF (x), x ∈ Fn2 }
$j :8:;UCQ=m HCEﬂ.$9ﬁﬀ+*?$2C.*
1
a
z{WdfQ`_`UesSjfge§SUW]
n
^hk4ayxUx5esSjW]­fg]Fm5p,iOfQxyr}fe^bdiU]Odes^baQ]
F
^hk{qw^_
fQ]jx>aQ]j`_m^£
^_e^bkw
¹
±geSjfe
^hkfg`b`KdaFaQr}xy^_]OfesWﬀiU]jdﬃes^baQ]jkaQ
F
fgrWﬀ|j`bfgesWfQiUWxÃaQ|ye^_V'fg`
¦
{aQesWesSjfge!§wW|Ursa,WxeSU^hk2|jrsa,|OWrneum
a,r]UaQ]p@ijfQxUrfges^hdNij]jde^_a,]jkoFmvwaQraQ`b`hfgrm'X
¦
¤a,rsWc,W]UWrfQ`_`bmQ±
¹
W]jxy^b]Uc!WﬃefQ`
¦
^b]@esraFxUijdﬃW-xc +')CECeﬀ#ﬂiU]jdﬃes^baQ]jk^_]ﬃTb«g±@X@W
¦
PFiOd}S­fCiU]jde^_a,]
F
^hk{xyW¢j]UW-xﬁa,]
F2n
§^£eS
n
ayxUxfg]Oxﬁ^hk{ksijd}SﬁesSjfge{aQr{fQ`_`l]jaQ]#©Wra
a
±UesSUWﬀksWﬃe
{DaF (x), x ∈ Fn2}
^hkfQ]f;F>]jW'S@mF|BWr|U`hfg]UW
¦
vwrsaFa,¯QWxÃiU]jdﬃes^baQ]jkfQrsW'
¹
fg]OxIeSUW­a,]U`_mI¯@]ja§]h +')CECeﬀ#ﬂ5iU]jdﬃes^baQ]jk
fQrsWp@ijfQxUrfges^hd
¦

.³ﬃ -

·
 o
³


  C.*?0'3, _ 'HCC ﬀ#ﬂ =#3N*` +<$2C;*? ﬁ"%$2 #" :;')ﬀ *`C._13,:eﬂ.'):;<$2 Ea
N]UageSUWr!|jrsa,oU`_WV^hk!fgoBaQiye!eSUW­d}Sjfgr}fQdﬃesWrs^b©fges^baQ]ÃaQ{qw p@ijfQxyr}fe^bdﬀiU]jdﬃes^baQ]jk§SU^bd}S fgrW>]Uage
f;F']UW`bm!Wp@iU^bfg`bW]@eesa!fN|Ba§WrKiU]jdﬃes^baQ]
¦
{aQesWesSjfge4^_]cTÌEW*±
¹
iOxUfgc,S@m@fg]l±QvfQrs`bWﬃe¥fg]Oxqagese¥WMySU^boU^£e
eSUW>¢jr}kue!¯F]Ua§] {q iU]jde^_a,]jk!§SU^hd}S fgrW5]jagef.F']UW`_m<Wp@iU^bÁfQ`_W]@eCea¤f|Oa§WrCiU]jdﬃes^baQ]l±$oUiye
eSUWksWfgrWwaQOxyWcQrWWcQrWfeWr$esSjfQ]
2 ¦
RSjWw¢Orkned`bf,kskKaQB{qw0p,iOfQxyr}fe^bdiU]jdﬃes^baQ]jk±g]UaQeW-p@iU^_fQ`_W],e
eaﬁfﬁ|Oa§WrNiU]jdﬃes^baQ]l±
§fQk2rsW-dﬃW],e`_mW+MFSj^_oU^_esW-xÃ^b] T ;W¥fg]Ox Tb«ÁW
¦ 
eC^hkdﬃaQV>|Ba,ksWx¤aQoU^b]UaQV>^hfg`hkNaQ
vw`bWfQrs`bmQ±esSjWd`bf,ksks^£¢Bdfe^_a,]!agjNq p@ijf,xyr}fes^hdiU]Odes^baQ]Ok®^hk®]jage$m,WﬃefQd}SU^bW,Wx
¦ F2n [x]
§^£eS
n = 3k
fQ]jx
gcd(3, k) = 1 ¦
ëlë
º
 BXGC.#8ﬀ+'^=ﬀH + C.*SBf$9*`ﬀ#:;' =#3N*` +<$2C;*? XU«
 .³ﬃ -  ·  o ³   ! $9*`ﬂA*`ﬀ ﬁ  +BD:.H+ﬀZCQ=
 
  1+3,:ﬂ;'):.0$2 i=#3N*] 0$2C.*,a  C;J:e@Bfd`>]')C *.ﬀ ^"?:.i^"?ﬀ+')ﬀ
:;')ﬀ
 
 1+3,:ﬂ.'H:.0$2 =#3N*` +<$2C;*?ﬁ"%$2 #"c:.'HﬀR*]C. ﬀ#13N$ *.:.B ﬀ*SCA:8>,C ﬁ ﬀ+'=#3N*] 0$2C.* =C.'
n 6= 3k
d ﬁ",ﬀ'Hﬀ
gcd(3, k) = 1
a

]ÃesSUW5]UWMFe!knW-de^_a,]l±O§Wﬀ|jrsa,W!esSjfge2eSUWd`bf,ksk2agp@ijf,xyr}fes^hdiU]Odes^baQ]OkCxUWﬃ¢j]UW-xÃoFm u«Ág {^hkC{q
a,]U`bm<§SUW] ^£e5^bkfg] Nq |Ba§wWr!iU]jdﬃes^baQ]
¦
{age}fgoU`bmQ±KaQijrﬀ]UW+M@e5RSUWa,rsWV
 
SOfQkeSUW­a,`_`ba§^_]jc
daQ]jksWp@iUW]jdﬃW
¦
-  ·/.·    ·ﬀ+
F
@#ﬀA:.*S
13,:eﬂ.'):;<$2 U=#3N*] 0$2C.* ﬁ"%$2 #" $j *`C.8:->?C+ﬁ ﬀ' =#3N*] 0$2C.*]a (]"?ﬀ+* $ =
F
$j
 
$9<mﬀ
	>]')ﬀH$2C;*  #C.*SJ:;$9*? :._BDﬀ#:.#(C;*`ﬀ Jﬀ+' CQ=-^"?ﬀU=C.'
cx2
i+2j d c ∈ F∗2n
d ﬁ"?ﬀ+')ﬀ
i > 0
:;*`ﬂ
j > 0
a
 ﬃ   ﬀ   ﬂ ﬂ   (	ﬃ
  )(.ﬀﬃ*ﬀ.ﬂ
NageW2eSjfen«-Q w^hk]UageeSUW!cQW]UWr}fg`BWMy|UrWkkn^baQ]ﬁagp,iOfQxyr}fe^bdNiU]jdﬃes^baQ]jka,]
F2n
ks^b]jdﬃW^_exUa@W-k]Uage
^b]jd`_ijxUW{fg]Fm!esWrsV agBesSUW{aQrV
x2
i+2j ±,§^£eS i, j > 0 ¦ 
]5esSjW{ageSUWr4SjfQ]jx
±,]UageWesSjfge¥^£
F
^hk¥Nq
eSUW]
F + L
^bkNq°esaFaj±F§SUWrsW
L
^bkfQ]@m'f;F>]jWC|BaQ`bmF]UaQV>^hfg`
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WC¢jr}kue|UraQWNfijksWﬃiU`
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∀ a, ∀ b, a 6= b 6= 0, H(a) 6= H(b),
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:;*`ﬂ
H(e) = 0
=C;' : 3N*S$213,ﬀ
e 6= 0
a(]",ﬀ* 9",ﬀmﬂeﬀ;')ﬀ#ﬀACQ=
H
$j ﬀ
	%: +<Bf
2n − 1
a
_')CC =aPF^b]jdﬃW
H(0) = H(e) = 0
±@esSjW]
H
^hkw]jagef|BWrVﬀiye}fes^baQ]
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RSjWC^bV'fgc,WNag
H
±]$2a9ﬀab±yeSUW!knWe
I = {H(x)|x ∈ F2n}
±$dﬃa,]@efg^b]jkCWMUf,des`bm
2n − 1
W`bWV>W]@ek±l^b]jdﬃ`bijxy^b]Uc
0
±l§SU^hd}SfQ|U|OW-fgr}k2eu§^bdW
¦
RSFijkNesSjWrWﬀ^hkNa,]U`_ma,]UWﬀ]Ua,]U©WrsaW`bWV>W]@e±
kfÁm
β ∈ F∗2n
±B§Sj^bd}SÃ^hkC]UageC^_]
I ¦

WeCiOk2xyW¢j]UWesSUW
|BaQ`bmF]UaQV>^hfg`
P
aQ]
F2n
oFm
P (x) =
{
H(x)
aQr
x 6= e
β
aQr
x = e
.
RSjW] eSUW^bV'fgcQWag
P
Sjf,kﬀdfQrxU^_]jfQ`_^_eum
2n
±4V>Wfg]j^_]UcIesSjfge
P
^hkfI|OWrsViyefges^baQ]
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Na§ §wW#fgrW
c,aQ^b]UcesaﬀWMy|UrWkkesSUWN|Oa,`_mF]Ua,V5^hfg`
W = H +P ¦
{aQesWeSjfe-±QraQV esSjWNxyWﬃ¢O]U^£e^_a,]­ag
P
±
W (x) = 0
ij]U`_W-ksk
x = e
fQ]jx
W (e) = P (e) = β ¦

Wd`bfQ^_VesSjfgeeSUW!iU]U^hp@iUW!rW|UrWksW]@efges^baQ]ﬁag
W
V>ayxyiU`ba
x2
n
+ x
^bk
[
W (x) = β
(
(x + e)2
n−1 + 1
)
.
RSj^bk2^bkks^_V>|U`bmoOW-dfQijknWﬀesSUW5r^_c,S,es¡*SOfg]jx|BaQ`bmF]UaQV>^hfg`fgoBaQWSjf,k2xUWcQrWW
2n − 1
fQ]jxÃ^hkNW-p@ijfg`$esa
W
aQrW-fQd}S
x ¦
RSFijk§W|Ursa,Wx­esSjfge
P (x) = H(x) + β
(
(x + e)2
n−1 + 1
)
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P
^hkf|BWrVﬀiUefe^_a,]l±y^_ekxyWcQrWWC^bkfgeV>a@kue
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RSjWaQrWVg 
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RSU^hk^bV5|j`_^bWkeSjfe
H
VﬀiOkue{SjfÁ,WNeSUWesWrsV
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Q : x 7→ F (x)/x2
d $2a9ﬀEaDd
Q(x) =
n−1∑
i=1
cix
2i−1 n«Ág 
$j : >?ﬀ+'m3N:.0$2C.* >?C;Bf.*`C;m$2:;BC;*
F2n
a
_')CC =a
	
a,r{fg]Fm
a ∈ F∗2n
±y§WCSOfÁQW
DaF (x) =
n−1∑
i=1
ci
(
x2
i
a + xa2
i
)
+ F (a) .
RSjW]l±®esSUW­ksWﬃe
{DaF (x), x ∈ Fn2 }
Sjf,k!dfgr}xy^b]jfg`b^_eum
2n−1
^£fg]jx<aQ]j`_mÃ^_esSUW­f;F>]jW'|Oa,`_mF]Ua,V5^hfg`
DaF
SjfQkf5¯QWrs]jW`
ag4xy^bV>W]jks^_a,]
1
±y^
¦
W
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±
n−1∑
i=1
ci
(
x2
i
a + xa2
i
)
6= 0
aQr{fg`b`
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a,rWp@iU^bÁfQ`_W]@es`bm<oFmxU^_F^hxy^_]jc'o@m
xa
eSUW!|Oa,`_mF]Ua,V>^bfQ`lfgoBaQW- 
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n−1∑
i=1
cix
2i−1 6=
n−1∑
i=1
a2
i−1 aQr{fQ`_` x 6∈ {0, a}.
RSOfel^hk
Q(x) 6= Q(a)
aQr$fQ`_`
x 6∈ {0, a} ¦
RSUWrsWaQrWQ±
F
^hk®Nq ^_Ufg]jxa,]U`bmN^_@a,r®fg]FmNeu§wa{xy^hknes^b]jde
a
fQ]jx
b
^b]
F
∗
2n
±
Q(a) 6= Q(b) ¦
¤a,rsWaQWr±O^£¥eSUWrWﬀW+My^bknek
a 6= 0
kniOd}S¤esSjfge
Q(a) = Q(0) = 0
±
eSU^hkW`bWV>W]@e
a
^bkij]U^bp@iUW
¦ 
]<esSU^hk!df,knW,±
§wW5¯F]Ua§¨raQV

WV>V>f<«5esSOfe
Q
Sjf,kxyWc,rsWW
2n − 1
±
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W­cQ^bQW>SUWrsW'f¤xyWefg^b`bWx|Ura@aQw^b] aQiUr
daQ]@esW+MFe
¦ 
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n
:;*`ﬂ
µ
@#ﬀ ﬁ C >,C$90$ *ﬀc$9*SJﬀlﬀ'#1ﬁi$9^"
µ < n − 1
:;*`ﬂ BDﬀ+
(u0, . . . , uµ)
:;*`ﬂ
(a0, . . . , aµ)
@#ﬀ  ﬁ C1ﬁ C.')ﬂ.mCQ=-BDﬀ+*^"
µ + 1
ﬁi$99"  #C.R>?C;*`ﬀ+*,< $9* ^"?ﬀ '):.*ﬃeﬀ
[1, n− 1]
d 3, #"c^"?:;
:;B9B
ui
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u
:.*`ﬂ
v
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@
u =
µ∑
i=0
2ui
:.*]ﬂ
v =
µ∑
i=0
2ai+ui .
(]",ﬀ*,d
xv−u ≡ x2
n−1 (mod x2
n
+ x)
$9*
F2n [x] ,
$ = :;*`ﬂC.*SBfﬁ$ =
{ai + ui (mod n), i ∈ [0, µ]} = {ui, i ∈ [0, µ]} .
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v > u
±FesSUWdaQ]Uc,rsiUW]jdﬃW
xv−u ≡ x2
n−1 (mod x2
n
+ x)
^hkWp@iU^bÁfQ`_W]@eea
xv ≡ xu (mod x2
n
+ x) .
¹ iye-±U§WCSOfÁQW
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i=0
x2
ai+ui (mod n)
≡ xv
′
(mod x2
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+ x)
§SjWrW
v′ =
∑µ
i=0 2
ai+ui (mod n)
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RSUWrWﬃa,rsW,±
xv ≡ xu
^£4fg]Oxa,]U`_mﬁ^£oBagesS¤ksWﬃe}k
{ai + ui (mod n), i ∈ [0, µ]}
fg]jx
{ui, i ∈ [0, µ]}
fQrsWﬀWp@ijfg`
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Q(x) =
n−1∑
i=1
cix
2i−1, ci ∈ F2n .
$2=
Q
$j : >?ﬀ+'A3NJ:;<$2C;*G>?C;Bf.*`C;m$2:;BC.*
F2n
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±
k ∈ [1, n− 1] ¦

WSjfÁ,W
Q2
k+1(x) =
n−1∑
i=1
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j=1
c2
k
i cjx
2i+k+2j−2k−1 .

Wﬃe
mi,j(x) = x
2i+k+2j−2k−1
¦
RSUW!V>a,]UaQV>^hfg`
mi,j
SjfQkxyWcQrWW
2n − 1
^_fQ]jx#aQ]U`bm­^_
x2
i+k+2j−2k−1 ≡ x2
n−1 (mod x2
n
+ x) .
Na§!±l§W5iOknW

WV>V'fXﬁ§^_esS
µ = 1
±
(u0, u1) = (0, k)
fg]jx
(a0, a1) = (j, i)
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W
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±
u = 2k + 1
fQ]jx
v = 2j + 2i+k ¦
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WxyW-xyijdﬃWesSjfge
mi,j
Sjf,kNxyWcQrWW
2n − 1
^£fQ]jxaQ]U`bm^£
{0, k} = {j, i + k
(mod n)} .
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i + k = n
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>?C;Bf.*`C;m$2:;B C =
F2n [x]
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Q(x) =
n−1∑
i=1
cix
2i−1, ci ∈ F2n
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Q(x) = cx2
k−1 ﬁi$9^" gcd(k, n) = 1
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c ∈ F∗2n
a
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F (x) = cx2
k+1 ﬁi$9^" gcd(k, n) = 1
:;*`ﬂ
c ∈ F∗2n
a
_')CC =a  We
k ∈ [1, n − 1]
oBWIksijd}S esSjfge
ck 6= 0 ¦
 We
r = n − 1
^_
gcd(k, n) = 1
fg]jx
rk = n/ gcd(k, n)
aQesSUWrs§^hksW
¦
 W!§^b`b`l|UraQWCo@m^_]jxUijde^_a,]#a,]
µ
esSOfe
c−µk = 0
aQr{fQ`_`
µ ∈ [1, rk − 1],
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rsa,V esSUWC|UrWF^_a,ijk¥|jrsa,|Oa@kn^_es^baQ]l±
k
p@ijfges^baQ]In«Ł, ¥SUaQ`hxUk
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µ = 1 ¦
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µ < rk ¦

Wﬀf,ksksiUV>WesSOfe
c−µ′k = 0
a,r2fQ]@m
1 ≤ µ′ ≤ µ− 1
±OfQ]jx#§wWﬀfQrsW
c,aQ^b]Ucesa'|UraQWNesSjfge
c−µk = 0 ¦

Wﬃe
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∑µ
j=0 2
kj (mod n)
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Qu(x) =
(
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i=1
cix
2i−1
)Pµ
j=0 2
kj
=
µ∏
j=0
(
n−1∑
i=1
cix
2i−1
)2kj
=
µ∏
j=0
n−1∑
i=1
c2
kj
i x
2kj+i−2kj
=
∑
a∈[1,n−1]µ+1

 µ∏
j=0
c2
kj
aj

ma(x)
§SjWrW
ma(x) = x
Pµ
j=0 2
kj+aj−2kj
fQ]jx
a = (a0, . . . , aµ)
±
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∑
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ksijd}S>eSjfe
k(σ(j)− j) 6≡ 0 mod n
a,rwfQ`_`
j ¦ 
oFF^_a,ijks`_m,±,a,r{fg]Fm
σ ∈ S ′µ
±U§wWSjfÁ,W
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σ(j)− j < 0 ¦ 
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j
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